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Abstract

A mono-fluid model with Landau damping is presented for strongly magnetized electron-proton
collisionless plasmas whose distribution functions are close to bi-Maxwellians. This description that
includes dynamical equations for the gyrotropic components of the pressure and heat flux tensors,
extends the Landau-fluid model of Snyder, Hammett and Dorland [Phys. Plasmas 4, 3974 (1997)]
by retaining Hall effect and finite Larmor radius corrections. It accurately reproduces the weakly
nonlinear dynamics of dispersive Alfvén waves whose wave lengths are large compared to the ion
inertial length, whatever their direction of propagation, and also the rapid Landau dissipation of

long magnetosonic waves in a warm plasma.

PACS numbers: 52.30.Cv, 52.35.Bj, 52.35.Mw, 52.65.Kj, 94.30.Tz



I. INTRODUCTION

Both in natural and fusion plasmas, collisions are generally negligible, making the usual
magnetohydrodynamics questionable. On the other hand, in most situations, direct numer-
ical integrations of the Vlasov-Maxwell equations in three space dimensions are beyond the
capabilities of the present day computers when a broad range of scales is involved. The
gyrokinetic description!? that averages over the gyrotropic motion of the particles and that
is extensively used for fusion plasmas, reduces the number of independent variables but still
needs an enormous computational strength.

Situations involving a broad range of scales require a formalism that preserves most of the
aspects of a fluid description but includes realistic approximations of the pressure and heat
flux tensors. The effect of wave-particle resonances that provide the dominant dissipation
processes should in particular be retained. In a collisionless plasma, a fluid behavior can only
result from collective constraints, such as the presence of a strong magnetic field. In this case,
Chew, Goldberger, and Low? first proposed the “double adiabatic laws” or CGL equations for
the parallel and perpendicular gyrotropic pressure components, where all the heat fluxes are
neglected. The conditions of validity of this assumption are rather stringent.* The onset of
the mirror instability is for example not correctly described® within this approximation that
requires a phase velocity much larger than the thermal velocity of the particles. Closures
that reproduce linear results from kinetic theory were also proposed but they depend on
the equilibrium state and are often presented in Fourier space, leading to the definition of
effective polytropic indices.%” In the context of fusion plasmas, an extensive literature was
devoted during the last decades to the gyrofluid description®® based on the evolution of
hydrodynamic moments obtained from the gyrokinetic equations, and thus also written in
a local coordinate system. A hybrid description of low frequency phenomena involving the
coupling of a monofluid description with pressure tensors for ions and electrons prescribed
by gyrokinetic equations was also developed.!?

A simplified description more easily amenable to large-scale numerical simulations of a
collisionless plasma permeated by a strong magnetic field was suggested by Hammett and
coworkers in the form of Landau fluids built to account for wave-particle resonance effects
within a MHD framework. The full electromagnetic case is presented by Snyder, Hammett,

and Dorland,!! hereafter referred to as SHD. Hydrodynamic equations for the density and



velocity of the plasma are obtained by taking moments of the microscopic equations. SHD
start from guiding center equations but an equivalent derivation can be made from the
Vlasov-Maxwell system. The resulting hierarchy must nevertheless be closed and the main
work consists in a proper determination of the pressure tensor associated with each species.
For the sake of simplicity, an electron-proton plasma is considered in a simple geometry
(no curvature drift), with an homogeneous equilibrium state characterized by bi-Maxwellian
distribution functions. In its original presentation, the model is limited to scales large enough
for both Hall effect and finite Larmor radius (FLR) corrections to be totally negligible. As
shown by SHD, this description predicts the correct threshold of the mirror instability. A
generalization is however needed in order to consider dispersive MHD turbulence.

Our goal is thus to develop a simple mono-fluid model able to accurately reproduce the
weakly nonlinear dynamics of most MHD waves, including kinetic Alfvén waves (KAW)
with transverse wavenumber small compared with the inverse proton inertial length. These
waves, characterized by an angle of propagation « such that cos® a < 3 (where 3 denotes
the squared ratio of the ion acoustic to the Alfvén speeds), are supposed to be produced by
the quasi-two-dimensional energy cascade that develops in Alfvén wave turbulence. A sim-
plified model was recently derived!? and benchmarked by direct comparisons with Vlasov-
Maxwell predictions in the limit of long wave-length small-amplitude perturbations. For
parallel Alfvén waves, a reductive perturbative expansion of this model reproduces the ki-

netic derivative nonlinear Schrodinger (KDNLS) equation!® 1?

(including its extension to
multidimensional wave trains'®) derived from the Vlasov-Maxwell equations, up to the re-
placement of the plasma response function by its two- or four-pole Padé approximants. For
magnetosonic waves,!” agreement was obtained with the phase velocity and the Landau
damping given in the literature!® for the regime % L PK % of adiabatic protons and
isothermal electrons with isotropic temperatures. It however turpns out that the description
of oblique and kinetic Alfvén waves requires a more refined description of the finite Lar-
mor radius effects associated with the non-gyrotropic contributions of both the pressure and
heat flux tensors. A first extension!” of this model was presented in the regime of adiabatic
protons and isothermal electrons with small 3, that reproduces the classial dispersion and
Landau damping of kinetic Alfvén waves in this regime.'®! This approach actually involves

a heuristic closure relation for the electron pressure that is here recovered as a limiting case

of a more general Landau fluid model whose derivation is the main object of the present



paper.

In Section II, the scalings associated with the various MHD waves are explicited and
a mono-fluid description of the plasma is obtained, under conditions consistent with the
weakly nonlinear regime. In order to describe anisotropic situations, the pressure tensor of
each particle species is retained. It includes gyrotropic components that evolve on hydrody-
namic time scales, together with non-gyrotropic ones that rapidly adjust to the variations
of the hydrodynamic quantities (“slaved” dynamics) and are amenable to a perturbative
description (Section IIT). In Section IV, general closure approximations for the gytrotropic
and non gyrotropic heat fluxes are inferred from the kinetic theory of long oblique Alfvén
waves presented in Appendices A-C. As mentioned above, this regime that retains the ki-
netic effects to leading order, can indeed be viewed as a distinguished limit covering more
general situations. The resulting model and its validation are presented in Section V. A few

conclusions and projects for further developments are briefly presented in the last section.

II. AN ASYMPTOTIC FRAMEWORK FOR A FLUID DESCRIPTION
A. The small amplitude regime

The usual procedure® to describe the dynamics of a strongly magnetized collisionless
plasma at scales large compared to those of the ion gyro-motion consists in performing an
asymptotics (refered to as a 1/, expansion) where the small parameter is the ratio of
the typical considered frequency to the ion gyro-frequency. This approach is appropriate
when no smallness assumption is made on the amplitude of the fluctuations, but may be
conflicting with the weak-nonlinearity ordering required to close the moment hierarchy.
When addressing the weakly nonlinear regime, it is thus preferable to use a unique expansion
parameter to characterize the small amplitudes and the long wave lengths and low frequencies
of the perturbations. In the distinguished limit that ensures the balance of the nonlinear and
dispersive effects, a reductive perturbative expansion then leads to the classical long-wave
equations (such as Korteweg-de Vries or derivative nonlinear Schrédinger). This asymptotics
may retain terms which are subdominant in an 1/2, expansion that is relative to the scale
separation only.

The fluid equations to be derived in this paper are requested to correctly capture the



weakly nonlinear dynamics of dispersive MHD waves, by fitting with the kinetic theory
within the ordering prescribed by a reductive perturbative expansion. This approach has
the main advantage to separate the various types of waves, retaining only those terms that
contribute to their dynamics. It also provides a rigorous framework for a nonlinear theory
where some terms are evaluated at the linear level, as for example requested at the level of

the heat flux closure.

B. The MHD wave scalings

In a reductive perturbative expansion, the various MHD waves are selected by prescribing
different orderings. The ambient magnetic field being taken in the z direction, we assume
a propagation in the (z,z) plane along an axis 2z’ making an angle o with the ambient
field. For perturbations depending only on z’ and propagating at velocity Vg, we define the
stretched coordinate & = €*/2(2" — Vjt).

(1) Oblique magnetosonic waves
The magnetosonic waves are selected by prescribing b, = bl + e by = e/ 2b§1) + oy

bz = B0+€bgl)+ e, p = p(0)+€p(1)+ Uy = EU;(CI)—l—- KN uy — 63/216;1)4—' U, = eugl)+. SN

Dir = p(f,z + ep(jg + - P = pﬁ?,) + epﬁlr) + ---, where as usual b is the magnetic field, p
and u are the density and velocity of the plasma, p,, and py, are the transverse and parallel
pressures of the particles of species r. The dispersion and the nonlinearities then act on a
slow time 7 = €%/,

(i1) Oblique Alfvén waves
The reductive perturbative expansion now involves the scalings b, = ¢!/ Q(bél) + ebéz) s,
u, = €'/ 2(ug(,l) + eug) + - ), while the previously defined scalings are retained for the other
quantities.

(111) Parallel Alfvén waves
In the case of a propagation angle a = 0, one prescribes b, = €/4b{" +- - - b, = N
b= Bo+ /20 4o p=pO 4 20 4y = D gy = M 4
w, =M 4+ pl, = p(fz + 61/2p(j72 + D = pﬁ? + 61/2p|(|1) + -+, with a slow time
T = €t.

Furthermore, for all the waves, the gyrotropic heat fluxes are scaled similarly to the

pressures. The magnitude of the non-gyrotropic components will be explicited later on,



when these contributions will be considered (Section IV.A).

The above scalings indicate that nonlinear effects comparable to dispersion occur with
an amplitude that is smaller for magnetosonic waves than for Alfvén waves. This reflects
the longitudinal character of the former waves for which a relatively strong dispersion is
requested to arrest shock formation. In contrast, parallel Alfvén waves can support much
larger amplitude since they are incompressible. It follows that a weakly nonlinear theory
of magnetosonic waves requires a higher order perturbation theory, as it will be discussed
in more details in Section V. This delicate situation can nevertheless be prevented by the
presence of Landau damping that, when the 3 of the plasma is not too small, acts on the
shortest time scale, making the nonlinear and dispersive corrections subdominant. The
small beta limit that makes the electron inertia relevant is in any case out of the scope of
a mono-fluid theory. For larger wave amplitude, the lowest order corrections in the usual
1/, expansion together with a simple Landau-fluid closure for the gyrotropic pressures!'!12
are sufficient. Furthermore, an expansion valid for oblique Alfvén waves, where both the
Hall term and non-gyrotropic heat flux components enter at dominant order, will retain
all the relevant terms for parallel waves (with possible additional subdominant corrections)
and also for magnetosonic waves in the most usual situations. As a consequence of these
observations, the construction of the mono-fluid model will be based on the weakly nonlinear
dynamics of oblique Alfvén waves with typical wavelengths large compared to the proton

inertial length. This approach involves several steps.

C. From a bi-fluid to a mono-fluid description

Starting from the Vlasov-Maxwell equations (A.1)-(A.4) and writing the equations sat-
isfied by the successive moments of the distribution function for particles of species r, one

derives an exact hierarchy of fluid equations for the corresponding density p, = m,n, [ f.dv,

hydrodynamic velocity u, = %, pressure tensor P, = m,n, [(v—1u,)® (v —u,)f,d*v

and heat flux tensor Q, = m,n, }(v — ) ® (v —1u,) ® (v—u,)f.dv, in the usual form®
Opr +V - (pru,) =0 (1)
atur+ur-Vur+%V-Pr—i—:(ejtéurxb):O (2)
OP. -V - (P, + Q)+ [PV + L pxp,] =0 (3)

m,c



where the tensor b x P, has elements (b X P,.);; = €;bi P, and where, for a square matrix
A, one defines A° = A + A™. One has (b x P,.)" = =P, xb. In order to distinguish between
scalar and tensorial pressures, bold letters are used to denote tensors of rank two and higher.
Coupled to Maxwell equations, such a multi-fluid description resolves the small spatio-
temporal scales associated with Langmuir waves that are unneeded when concentrating on
the large-scale dynamics of dispersive MHD waves. A mono-fluid description together with
the additional approximation of neglecting electron inertia, allows the filtering of these small

1
scales. One is thus led to consider the plasma velocity u = — Z pri, wWhere p = 3" p,
p T

is the plasma density and to define the pressure and heat flux tensors associated with
each particle species in terms of the deviations from this barycentric velocity, in the form
pr =myn, [(v—1u)® (v—u)f,d®v and q, = mn, [(v—u) @ (v —u) ® (v — u) f,d*v. One
has
P, = — prlu— ) @ (u— ) (4)
and
Qrijk = Qrijrk + Prij(W — )k + Prie(w — up )5 + prje(u — up )i, (5)
where the subscripts 77k refer to components of the corresponding tensors.

Defining 4§, = P, — p, and
S
R, =V (u1,8,) + [5T NV, + (VP @ (u— ur)] , (6)
one has in Eq. (3)
S S
V- (4, P+ Q)+ [PT : vu,] = V- (upr +q,) + [pr : w} IR, (7)

For the orderings involved in the reductive perturbative analysis of the various MHD waves
discussed above, neglecting §, and R, contributions in the equation for p, is possible if the
expansion of this quantity is limited to orders strictly lower than €? for oblique Alfvén waves
and €”/2 for magnetosonic waves. This leads to replace Eq.(3) by

S
opr+ V- (up,+q,)+ |pr- Vu+ o bxp, =0. (8)

T

Furthermore, one easily gets that

Op+V-(up)=0 (9)



and

1
Opu) +V - (pu®u) + Y p—1jxb=0 (10)

where p = pr denotes the total pressure tensor and where the electric current

] = ZT: Gr My /vfrd?’v = Z %prur is given by j = %V x b. In this derivation, we neglect

T
r

qrPr

r

the displacement current and also make the approximation of quasi-neutrality Z =0,

.
as usual when considering slow motion of fluid elements of size greater than the Debye

length.?
The current j obeys

rfPr T 2r 1
&j—i—V-(qup ur®ur)+ STV-PT— M(e—i—;urxb):O. (11)

Using the identity

drPr _ qrPr qrPr
r r = - r r ) 12
ET mru QU =u®j+jRu ET mru@u—f— % mr(u u) @ (u, — u) (12)

and the fact that for a plasma of protons and electrons of electric charge ¢, = —¢. = ¢,
qr 1 1 pu m Me J
) I W
- M my/ Me + My, My my/ Me + My,
one gets?’

@j%—V-<u®j+j®u—zq;npru®u)~|—Z%V-pr

_qupr B <1+L>M+Q(%_%>&:o' (14)

Me  Mp/ Me+My  C\Me My Me + My
. . . . . . .o Me .
This equation simplifies when terms involving the ratio — are neglected and quasi-

P
neutrality is assumed, which leads to write p, = m,n and u =~ wu,. One obtains

2

qn<e+uxb ] xb

0j+V-(u®j+jou)—

+ iy, pe> ~0. (15)

Me c nqc qn

m
For small nonlinearity and under the assumption 3 > —, the two first terms of the above
my;
equation are subdominant. From Maxwell equation (A.2), one then obtains the induction
equation

Ob—V x (ux b) = -2y x

(be)xb——V Pe ), (16)
q (47Tp )



that includes the Hall term together with the effect of the electron pressure.

Equations (9), (10), (8) and (16) constitute a closed system, provided a closure approxi-
mation is made to express the heat fluxes. Nevertheless, a direct resolution of Eq. (8) would
have to resolve time scales associated with the gyro-motion of the particles, a condition that
is practically impossible to achieve in numerical simulations that also retain hydrodynam-
ical scales. As shown in Section III, this scale separation can in fact be used to define a
reduced description where the evolution of the gyrotropic components of the pressure ten-
sors is followed on hydrodynamic time scales,while the non-gyrotropic ones obey a slaved
dynamics in the sense that they are prescribed by the instantaneous values of hydrodynamic
quantities. A similar separation can be made at the level of the heat fluxes that contribute
to the gyrotropic pressures through both gyrotropic and non-gyrotropic components. Again
the gyrotropic heat fluxes require a closure approximation taking the form of dynamical

equations, while the non-gyrotropic ones are slaved (Section IV).

III. THE PRESSURE TENSORS

In order to isolate the gyrotropic components of the pressure tensor, it is convenient to
rewrite Eq. (8) for the pressure tensor of each particle species in the form
p, xb—bxp, =k, (17)
~ b . ) .
where b = W is the unit vector along the local magnetic field and

1 BO dpr

S
r— N~ 111 | 1. : r CYr rt . 1
o ol Lar +(V-u)p,-+V-q.+ (pr- Vu) (18)

QTBO
m,C

In this equation, By denotes the amplitude of the ambient field and €2, =

is the gyro-

frequency of the particles of species r. Furthermore, % = 0y + u - V denotes the convective
derivative.

A few classical results are first recalled for completeness.?"?? We first note that the left
hand side of Eq. (17) can be viewed as a self-adjoint linear operator acting on p,, whose
kernel is spanned by the tensors (I —3®/b\) and b®b. It is thus convenient to define the

projection a of any (3 x 3) rank two tensor a on the image of this operator as

~ o~ ~ o~ -~

a:I-beb)I-bxb)—(a:bb)bxD, (19)

a=a—

N | —



which implies tra=0 and a: b®b=0. Here I is the identity matrix and the double con-

traction of two square matrices m and n is defined as m : n = Z mg;n;;. In particular, the
]

pressure tensor is written as the sum p, = pf + 7, of an element of the kernel

. A S
pf = 3 (I-b@D)(I—beb) + (b, bbb ® (20)
= pLT(I_/l;@/b\)—i_p”T/l;@/b\ (21)

and of a non-gyrotropic component 7, = p, that thus satisfies tr w,, = 0 and =, b®b=0.

A. Dynamics of the gyrotropic pressures

To obtain the equations for the gyrotropic pressure components, one applies the trace

and the contraction with b® b on both sides of Eq. (17) to get

dpy
dt

tr +(V-u)trpl +tr (V- q,) +tr (pS - Vu)® 4+ 51, =0 (22)

with s, = tr (7, - Vu)s and

dp,
dt

with sg, = (7, - Vu)® Db,

hob+ ((V-u)p§+v-qr+(pf-Vu)S) Db+ 59 =0 (23)

The trace and the time derivative commute but this is not the case for the contraction

with b R b. One writes

Teole Lo . I = Dir _ 24
o b@b= (P b @) —pr i 2 (b®D) = — = — sy (24)
where, using (% Rb+b® %) ; (I—/I;®/b\) =0and (% Rb+b® %) :b® b =0, one has

~ o~

83, = T, - E(b ® b). One thus gets generalized CGL equations that include heat fluxes and

coupling to the non-gyrotropic components of the pressure tensors,

~ ~ 1 ~ -
8tpﬂ+V-(umr)+er~u—mrb-Vu‘b+§<trv-qr—b-(Vqr)'b)

1
+§(817~ — Sor + 837») =0 (25)
atp”T +V. (UpHr> + 2p||7~/l;- Vu /g—l-/l; (V-q,) 'g-i- Sop — 83, = 0. (26)

One easily checks that for the scalings defined in Sections II.A and the non-gyrotropic pres-

sure components given in Section III.B, the couplings sy,, s2, and s3, to the non-gyrotropic

10



pressure components are negligible. Note that similar equations for the gyrotropic pressures
can be obtained in a bi-fluid description, up to the replacement of the plasma velocity u
by that of the individual species u,. It is noticeable that in the present derivation based
on the hypothesis of weak nonlinearity together with long spatial and temporal scales, the
parallel and transverse pressures decouple from the non-gyrotropic pressure components but
are sensitive to the gyrotropic and non-gyrotropic components of the heat fluxes q, that can

both contribute to the gyrotropic components of V - q,.

B. Non-gyrotropic pressure contributions

In order to determine the non-gyrotropic contributions to the pressure tensor of the
various particle species, we start from Eq. (17). Using the solvability conditions provided

by the equations for the gyrotropic pressures, it is rewritten
7o xb—bxm =k, (27)

where k,. can be decomposed into the sum of a contribution involving the gyrotropic pressures

and the heat fluxes

L= |2 : .q, . 28
mo= o la (Ve Y g+ o V) (28)
and of a term linear in 7,
1 BO dm
L T:——[—'" )T, + (7, - S} 29
(7,) SRR +(V-uw)mw, + (m, - Vu) (29)
In ®,, the second term of the r.h.s. of Eq. (28) does not contribute, while the first one
rewrites
dp% d ~ ~ 1 /db db 2 d|b|
P =) b @b) = (pjy — r—<— brbe L - 2 b) 30
g = P ) (080 = (=P (G @0 H0® G = b e (30)
that is explicited by using the induction equation (16).
It is then convenient to split the non-gyrotropic pressure as m, = m,; + 7,2 with
1 X b—1bx T =R, (31)
Tr2 X /b\—g X Tpro = L(Tl'T’l) + L(7T7«72). (32)

In a weakly nonlinear regime, the quantity L(7,) is of higher order than 7., which enables

one to neglect L(m,2) in Eq. (32). We restrict ourselves to this level of approximation since

11



pushing further the above perturbative calculation would conflict with the approximations

made for the derivation of the pressure equation (8) used in a mono-fluid description. The

above equations can be solved in the form?!

1~ 1S

nr,lzi[bxm-(1+3b®b)] (33)
1~ — ~ ~7S

T2 =g [b x L) - (I+3b® b)} (34)

where the overlines turn out not to be necessary in the above formulae. These expressions
are nevertheless cumbersome to be used in a numerical code.

In some situations, the contribution 7r,.; is sufficient and can even be simplified by ap-
proximating b by the unit vector z along the ambient magnetic field. This leads to define
! by o

alll xz—2x 7l = T (35)
together with z - . 2=0and ' 1= 0, where

1 r/dpSy\
X = o g + P& . Vu)* +V - q, (36)
with pTGm =pirI-2®%) +p,z® 7% and

dp|jr
dt

(dPrG>m _ dpy,

S
o 7 ——Z®Z+ (pjp — PLp)0: [u ®RzZ—(Z-u)z® z] .37

I-Z®z2)+

We here denote by a double overline the projection on the subspace orthogonal to (I-2®72)
and Z ® z. The first two terms in the r.h.s. of Eq. (37) do not contribute to 7 but has
to be retained for the next corrective terms. The heat flux term V - q, is to be kept at this
order when dealing with weakly nonlinear magnetosonic waves but arises at the next order
when dealing with Alfvén waves. It is estimated in Section IV. When V - q, is neglected,

one recovers the classical gyro-viscous tensor,?32°

pL
71[31}050 - _ngz]/y = QQp (Oyuy + Oruy) (38)
Tl =0 (39)
_pPL
1[919}63/ - 7T][31?]JI = I;(a Uy — Oyt (40)
1
Wz[)lg}jz - Tr;[)lly - Qp [2p|\pazum + pJ_p(axuz - azux)] (4].)
il S d d 42
Tpzz = Tpex = _Q_p[ P|pOzUy +pJ_p( yUz — zuy)}a ( )

12



here given for the protons (the electron contribution being negligible due to the large mass
ratio) and usually obtained in an 1/Q,-expansion.

The next correction 71'5} originates from terms neglected in Eq.(31), together with the
dominant contributions in Eq. (32). We can consistently write (replacing single overlines

by double ones)

25— 25 2l = () 4 2 Wy ((F—2) x 70
WX Z—ZX T, L(mp') + xp +D[Xp]—|— (b z)><7'rp , (43)
together with the conditions
—~ ~ T AN ~ S
Z-ﬁl[)z].z—F((b—Z)-ﬁ][gl]-z) —0, wZ:1=0 (44)

At the order of the present approximation,

RNTTN 1
L(whh) = Q—amgl. (45)
P
Furthermore,
—_— p— 1 ~ . . . ~ . . .
D[XZ[?H] = Xz[:»u —X][;,H = 5[(6— 2)®Z2+z2 (b—72)]: XL” I-3z2®2)
1 PRSP B s s 5 o
+§(I—32®2)ZXE][(b—Z>®Z+Z®(b—Z)] (46)
and
1 d ~ S
(2] _ Q%
Xp = o 2P —pp)((0-2)®Z
P Q, dt lp p( )
1 ~ ~ o~ ~ ~ N A o~
+Q_(pHp_pJ_p)|:2(b_Z)‘VU®Z+22'VU®(6—Z)—2(Z‘VU'Z)(b—Z)®Z
P
N . S
—(<b—3)-vu-2+2-vu-(b—z))mzm@z—(h-g)z@?} (47)
with
h—1V><<1(b><(V><b)—1V PG> (48)
o, 4mp ) v

All the terms in D[Xz[,l]] and in XE] with the exception of those involving h (that originates

from the generalized Ohm’s law) result from field line distortion and are only relevant for

o~

the scaling of oblique Alfvén waves. For such waves, Z - (b — 2) is negligible, which enables

13



one to write

1 T > i~ > 0 > ~ ~
1[72}+D[XE]]:Q—<( —z)-Vu-z+z-Vu~(b—z)>[prI—l—(pr—élp“p)z@z]
P
1 R N[~ . .S
+Q—p (pJ_pv - U+ (pJ_p — 4pHp)Z -Vu - Z) [(b — Z) X Z}
2 ~ A ~ 1S
+ 5y =) [0 -7) - Vu@ 242 Vuw (b-2)]
P
1 ~
+9_(pr —pp)(h ®Z). (49)
P

This contribution is usually neglected,?® and so are all the other terms in Eq. (43), ex-
cept i—ﬂ'm. Retaining the nonlinear terms originating from the field line distortion is
nevertheless important to prevent the onset of spurious nonlinearities (making the problem
ill-posed) in the equation governing the dynamics of weakly nonlinear oblique Alfvén waves.!”
These waves appear to be governed by a linear Korteweg de Vries equation with nonlocal

damping. As in the Hall-MHD description, nonlinear couplings turn out to vanish.2"%

IV. MODELING OF THE HEAT FLUXES

It is again convenient in Eqs. (25) and (26), to separate the contributions to the gyrotropic
part of V - q,, originating from the gyrotropic and non-gyrotropic heat fluxes, by writing

a, = q¢ + V¢ with
quijk = C]Hrgigjgk + QLr(dij/b\k + 5%@ + 5‘7‘};;/61' — SBZgjgk) (50)

The equations for the gyrotropic pressure components involve

b-(V-q9) b=V (bqy) —2¢,V-b (51)
1 ~ e ~ ~
5((V-af) =5 (V-af) - b) = V- (bauy) + 41,V B, (52)

together with the contribution of the non-gyrotropic heat fluxes to the gyrotropic part of
V - q, that we denote (V- q” G)G. The non-gyrotropic part of V - q, contributes to the

T

non-gyrotropic pressure corrections.

A. Non-gyrotropic heat flux contributions

The gyrotropic heat flux contributions are comparable to the pressure perturbations (as

1/2

seen from the gyrotropic pressure equations), i.e. of order ¢/“ for parallel Alfvén waves

14



and of order € for oblique Alfvén and magnetosonic waves. On the other hand, the non-
gyrotropic heat flux components do not only behave like the product of a pressure and a
velocity but also involve an additional space derivative arising together with the 1/, factor.
From the scaling assumptions, one can conclude that these contributions are subdominant
for both parallel Alfvén and oblique magnetosonic waves, while they are of the same order as
the gyrotropic heat flux components in the case of oblique Alfvén waves. This observation

16,17 and

is confirmed by the kinetic theory based on Vlasov-Maxwell equations (see refs.
Appendix B).

The non-gyrotropic heat fluxes obtained for oblique Alfvén waves (Appendices B
and C) can be expressed in terms of current j = iv x b and diamagnetic drifts of

each particle species ug, = ———5b x V - p, that in the considered limit are given by

|b|2

J v} b v b
o ~ Q_p< 0, By 0,0, 0) and ug, ~ Qz: <8 Byo 0 0) where we define the squared
) PO _ O
Alfvén velocity v3 = 0(0) and also v3, = T”T We thus infer the closure approxi-
mp p

mation

(V- @Y =2V, - [profuae — 2T~ 5 B) + V. - [pje(uge — ;—QJE@Z (53)

~ o~

(V- q;fJVG>G =2V - [pputaplb @b, (54)
and also approximate the non-gyrotropic part of V - q, by

V-q,= p;p(vl R Ugpy — (X V1) (Z X ugp))
2

+[§®(v s A= 2pE X (Y x ug)) ] (55)
1491p pJ_p2Q z L Plp~ X Udp :
P

B. Gyrotropic heat fluxes

In order to infer closed expressions for the gyrotropic heat fluxes, based on the predictions
of the kinetic theory for oblique Alfvén waves (Appendix C), we adapt the approach devel-
oped in the context of parallel propagation'? where the closure approximations eventually
reduce to the replacement of the plasma response function W, by its two or four-pole Padé

approximants.
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1. Parallel heat flux

In order to reduce the problem to a form close to that of parallel propagation, starting

from Eq. (C.11) where quantities proportional to m./m, have been neglected, we first define

q, . 2 2. Q) .
I 5= a . 3<UA8 -QF UA> (Q_p _ 1) N (56)
Uth,rp“T Uth,rpHr UV r nquip,r

where we used the relation ¢ = (v} + vi, + vip) /vfhm and the expression of the parallel
current in the asymptotics of long oblique Alfvén waves given in the previous sub-section.

It follows that

/ _1 @)
vth,rph?n) C% — 1+ erl T(O) ’

I

where TH(:) denotes the parallel temperature perturbations for the particles of species r and

T”(S) the corresponding equilibrium value. Similar notations are used for the transverse

temperatures. We then proceed as in Ref.!®. The parameter ¢, defined as the ratio of the

phase velocity projected on the direction of the ambient field to the thermal velocity of

species r, is now more generally viewed as the ratio X = —ﬁ@ta; 1 The operator Fi(X)
defined by
9 T,
o =71 X) G (58)
D) T

is approximated by a homographic function
Fi(X) = (@) + QI XH) QX + QfH). (59)

where H is the Hilbert transform with respect to the parallel coordinate z, which allows

one to eventually get a first order initial value problem. The constant coefficients ﬁ are

chosen in a way that ensures the correct asymptotic behavior of the parallel heat fluxes
in both the isothermal and adiabatic limits. As shown by SHD, this prescription results
in a satisfactory modeling in the intermediate regimes. In the isothermal limit (¢, < 1),

W, ~1-c2+ \/gcﬂ'lg and ¢’ ) _ —ﬁvth,rn(O)Hgﬂf:) independent of ¢,. Differently, in

lr —
the adiabatic limit (¢, > 1), W, ~ —1/c? — 3/c* — 15/c® and the heat fluxes are negligible.
3T

8 8
One thus gets Qﬁ =0, Qﬁ = —\/j, Qﬁ' =1, Qﬁ = —\/j(g —1). In this approximation,
7r 7r

the corrected parallel heat flux q|’|r is thus determined in terms of the parallel temperature
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T, by the partial differential equation

d . qj, 1 Ty,
<a + LH@Z) H (0) = 1 3 Uth,'raz% (60)
\/g(l — %r) Uth,rD||r T8 T||T

where, to restore Galilean invariance, the convective derivative J; + u - V has been substi-

tuted to the partial time derivative.

2. Perpendicular heat fluz

Proceeding in a similar way, starting from Eq. (C.12) or (C.13), we first define

b r Uz e + U2 Q U2 2 9 ]
Lo = (1 =) (o) - 2 e, O
VthyrP1y  VthayPl, va Q, UVa vy A nqup,
- . . : b. b,
that, for long oblique Alfvén waves, can be expressed either in terms of A = 5 + —2 77 OF
0

L. G Ve )

— Ut
TJ(_?) Uth,r : Qr U,24 nquip,r
to be approximated. In order to accurately fit the adiabatic and isothermal limits, it is

in terms of [ } , by means of operators that as previously are

convenient to use a mixed expression involving both dependencies, in the form

* 1) ;
1 T 3 Q, Vip
Ly = FL———007") | = ——0,0' Ve 0142 Lgoma (e
VthrD | Uth,r TJ_'I’ Uth,r Q UA nqUtp,r Uth,r
Prescribing again a homographic form for the operators
FLX) = (Q1 + QIXH) T (QLX + Q1H) (63)
FLX) = (QL + QLXH) T (QLX + Q1H), (64)
we are led to choose Q) = Q% =0, Q3 = \/j and Q% = \/> 1— Lg and get
9, m 7 TN [b) T v, S v J
== gumaHO. ) = w0, | (1= ) 2 — (o - =gt aor =) ).
t Vth,rD] , 7—‘||7“ 0 TJ_T UA T NqUth,r
(65)
Introducing
qﬁ_r — qir o 31)1‘/2}177“ % ]H
Uth,rp(fz Uth’rp(fz vi Q nqui,’

_ qir + |:<1 + UQAe +U2Ap) (& + 1) UQAp + 2U2Ar - SUtQh,TQ ] ]||
@ I

0 U2
/Uth,T‘pJ"r A



we finally obtain

d \/? 7 Tio) b T4, T Vg Q, JI
T U h’THaZ) —s = h,raz (1 - _r)_ - + 3y =———=—H—— | .
<dt 2" Uth,rpf,)« t TH(S) By Tﬁ) 2 v3 Q. nqug,
(67)

As previously, a convective derivative has been substituted to the partial time derivatives in

order to restore Galilean invariance.

V. THE MODEL AND ITS VALIDATION

A mono-fluid model has thus been constructed. It is defined by the closed system formed
by Egs. (9), (10), (16), (25), (26) where the s;. terms are neglected and where Eqgs. (51),
(52), (53) and (54) have been used, supplemented by Eqgs. (56), (60), (66), (67), together
with the non-gyrotropic pressure corrections 7, = 71_7[“1] + m[?} that are computed in Section
ITI1.B and involve the non-gyrotropic heat flux given by Eq. (55).

To validate this model, we consider its predictions for the various MHD waves in the

112 specifically designed to describe parallel Alfvén

long-wavelength limit. Our previous mode
waves is easily recovered by prescribing the ordering associated to these waves. The non-
gyrotropic heat flux contributions then disappear and only the leading order gyro-viscous
tensor without the heat flux term is to be retained. In this regime, a reductive perturba-
tive expansion leads to a generalized kinetic derivative nonlinear Schrodinger equation that
identifies with that derived from the Vlasov-Maxwell system,'® up to the replacement of the
plasma response function by its two or four-pole Padé approximants.!?

The model derived in the present paper is in contrast needed to describe oblique Alfvén
waves. We demonstrate in this section that the kinetic theory presented in Appendix C is
accurately reproduced, and so are the classical dispersion relations and Landau damping
rates of oblique and kinetic Alfvén waves.

Denoting by ¢ the coordinate along the direction of propagation, one has V =
(sin Og,0,cosa0¢) and 0y = —V(0: with Vj = Agcosa. From Eq. (60) , one immedi-
ately gets to leading order

87 [ T 1 1

q|,|r - _\/; ”(T) =c C? —3 " 4;‘1 II(T)
0 0 T 1 0)’

,Uth’rp|(|7‘) 1 _ § (371' _ ].)CTH Z”(r) Cg — 1 + [/[/47‘ 7—‘”(7.)

T\ 8
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that for the protons and the electrons respectively give

(1)
Qp C —3+ W4p Tllp
© — 1+ Wt (69)
Uth,pP|p — L+ Wy, T”
1
C]I(Ie) .. c? —3+W4e T||e) 30A+vAesmoz8 b (70)
pr— é— .
Uth,pp‘(‘(;) e -1+ W4e CTHG Vth,e Q B()

This reproduces Eq. (C.11), up to the replacement of the plasma response function W, by

its four-pole approximant defined as

$(8 = 3m)c2 — V2me, H + 4

Wy, = . 71
! $cA(3m — 8) + V2mPH + £(16 — 9m)c2 — 3V 2me, H + 4 ()
Substituting in the equation for the parallel proton pressure that rewrites
(1) 2 2 2 (1) (1)
p (1) 2 vi+ui, +v b 1 q
% — 3% +2A = ™ 4 S 22 §in Q0 —— - le : (72)
Pip 0 P O T UhapPy
one gets
(1) (1)
p @ A b
% = (2 + W@l)% —(E—-1+W, A+ (c—1+ Wzg,l)—o sinade—  (73)
pHp n Qp BO
ol 3wt opl) o
e _ e €
(o>—3m+2A— 21+ W, < _W> ™
Ple e i\
that correspond to Eq. (C.6).
From the transverse heat flux equations, we get
q(fg B —-1 [( Ti?)A P N (1)] v+ vk, smaa b (75)
Uth,ep(fg Ce + \/g H TH(O p(fg ©0) Vthe  §2p Bo
Substituting in the equation for the electron parallel pressure that rewrites
1) (1) b 1)
P _n A UA—i-UAesmoza qi. 76
P(fz nl T Ao Q, Bo Aopie’ (76)
one obtains -
1) e)) T
pJ_e o n lle
0~ po " (1= )4 (77)
Pie le
Here,
WQT (78)




is the two-pole approximant of the plasma response function W,.

Similarly, for the protons

) (1) b )
p?o? = tA- o X > Sgaa B Aql,, (79)
P, n 0 0 0P1p
with
) (0) ) (1)
-1 T S by
(R ot +3[ 0
VihpPy, G T ViH T, Pip 2 By
(1)
sinaw _ b
32 — 2 ) — 212 2 > Oy~ 30
+< (Uth,p UA;D) (UA + UAe) Uth,pr 3 BO ’ ( )
which implies
(1) (1) T(O)
Pip n A B sin « b
RORNO + ( ©) W2p>A 380 Q, Oc b By’ (81)
p

llp
Again the result of the kinetic theory, as given by Eq. (C.8), is recovered up to the replace-
ment of the plasma response function by a Padé approximant.

To push further the validation of the present model, it is of interest to concentrate on

. me Te . Te . . .
the regime — < 8 < —, with § = — —, assuming no temperature anisotropy for easier
m; T, v My

comparison with classical results. This ordering corresponds to the limit ¢, — 0 of isothermal

electrons and ¢, — oo of adiabatic protons.

In the limit ¢, — 0, Wye = Wo, = W, = 1 — cg + \/gceH and we get

Ple _ 2Ple _ o T me, 1o T [me
p(o) - UAp(O) 'UA{ [ﬁ - 5\/5 m_pH} W + \/B 5 m_pHA} (82>
lle
(1) (1) (1)
Piec 5 o2Pie p
-ty -l - o o

that provides a systematic derivation of relations previously based on a phenomenological

@

argument.!”

The adiabatic limit ¢, — oo assumes that the phase velocity of the wave is much larger
than the thermal velocity, which is not consistent with the long-wave asymptotics. The
adiabatic limit is thus conveniently taken by prescribing zero heat fluxes, and the relations
(60)-(61) of Ref.!™ are then immediately recovered. By inspection, it is also easily verified
that the gyro-viscous tensor defined by Eq. (43) identifies within the reductive perturbative
scaling with Egs. (B2)-(B7) of Ref.!'". In particular Eq. (49) reproduces Eqs. (B15)-(B18)
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of the same reference. The remaining of the asymptotic analysis is straightforward and is
performed in Ref.!'". Direct comparisons are successfully made with kinetic results'®'?. This
demonstrates that the present model correctly reproduces the dynamics of small amplitude
oblique and kinetic Alfvén waves.

The case of oblique magneto-sonic waves requires a more detailed discussion that we ex-
plicit in the regime of adiabatic ions and isothermal electrons with isotropic temperatures.
The leading order linear dispersion relation correctly reproduces that provided by the kinetic
theory (see Egs. (29) and (A.21) of Ref.!"). It includes a Landau damping rate that, up
to an angular factor, scales like kv A\/B % where, as above, 3 is defined as the ratio of
the electron to magnetic pressures and k£ the wavenumber of the perturbation. This level of
description is sufficient when this rate of damping is larger than the inverse nonlinear time

Me Vi
ku (where u is a typical velocity perturbation), that is to say when \/E > e—2. The
my VA

v

parameter € can be estimated as kl,, where [, = Q—A is the proton inertial length. Let us first
'4

consider the distinguished limit where the wave amplitude scales like €. For slow waves for

which Vy ~ /Bvy, the condition reduces to ki, < <

Me

1/4
) ~ (0.15. These waves are thus
mp
strongly damped in the long-wave limit. For fast waves V ~ v4, and the condition for rapid
mp
Me
arises at the same order as the nonlinear and dispersive terms and a weakly nonlinear anal-

(kl,)*. When this condition is not satisfied, the Landau damping

damping reads (>

ysis on the time scale 7 = ¢*/2 is required. In this regime, the equations for afug) and aTuQ)
involve the quantities &Ep(f) and Gzp‘(‘z), and thus the gyrotropic heat fluxes q(f) and qﬁz), to-
gether with the FLR term 7r”) that through Eq. (43) is prescribed by Qi(@ﬂrw +V. q;()?’/Q)).
These heat fluxes, when not negligible, are not properly modeled in t}fe present formalism.
They are absent in the case of purely transverse propagation, a situation addressed in Ref.?.
The case of oblique propagation in the adiabatic limit was considered in®® where the term
Qipamg}l was overlooked.

When the amplitude is larger, usual MHD supplemented by 1/€), corrections provides
a sufficient description. As the amplitude of these waves is reduced by dissipation, the
regime dominated by Landau damping is recovered. The only case where our model does

not provide a complete description of magnetosonic waves thus concerns small amplitude

waves with the distinguished scaling and very small /3.
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The question arises whether the usual energy E = / <p; + g +pL+ %p)d% is con-
served by the above mono-fluid model. The delicate contributions originate from the electron
pressure gradient in the induction equation and from the second order non-gyrotropic pres-
sure corrections. The first term that affects the magnetic field evolution only in the case of
pressure anisotropy, contributes in a long wave theory at thg level of the linear dispersion
relation. In this limit, it can thus be replaced by leLe — %V -(b®1), a term that does
not contribute to the energy budget. Concerning @%e non—gyrootropic pressure contributions,
while the leading order 7!l preserves energy (at least in the absence of the heat flux term),
the effect of 712 is still unsettled. This question requires further investigations. In fact, in a
way similar to the diamagnetic term in the generalized Ohm’s law, this contribution is only
relevant at the level of the linear dispersion relation of oblique and kinetic Alfvén waves. As

a consequence, even in the case where the energy is only conserved at the order of validity

of the performed approximations, the effect on the large-scale dynamics will be negligible.

VI. CONCLUSION

A mono-fluid model has been derived with the constraint to reproduce the weakly nonlin-
ear dynamics and the Landau damping of long MHD waves in a collisionless plasma, for any
0 larger than the electron to proton mass ratio and any angle of propagation. It reproduces
the dynamics of small-amplitude oblique Alfvén waves, including the exact cancellation of
the nonlinearity. For parallel Alfvén waves, it leads to the KDNLS equation and describes

31 resulting in the formation of intense

the transverse instability of a circularly polarized wave,
magnetic filaments. This Alfvén wave “collapse” was considered as a possible mechanism at
the origin of the cylindrical field aligned current tubes observed by the CLUSTER mission
in the terrestrial magnetosheath.3?

Comparison of the model with gyrokinetic simulations and possibly with Vlasov-Maxwell
or particles in cells simulations, in particular in the nonlinear stage of parametric instabilities,
are in project. It is also necessary to evaluate the importance of particle trapping that
requires a nonlinear fluid closure, presently very difficult to design.?

This model can be used to perform three-dimensional numerical simulations of dispersive

MHD turbulence, taking into account realistic dissipation and heating mechanisms. The

retained second-order FLR corrections should in particular provide an accurate description
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of the kinetic Alfvén waves generated at small scales. Such simulations, that involve a self-
consistent treatment of the turbulent dynamics in the presence of Landau damping, could
significantly contribute to the understanding of cosmic ray scattering (by fast and Alfvén
modes) in the interstellar medium.3?

This model will also be useful to study the formation of coherent structures such as

35:36 shocklets and also the structures resulting from the nonlinear evolution

magnetic holes
of the mirror instability, observed in the solar wind3” and the magnetosheath.®® A correct
description of this instability that extends up to scales comparable to the ion Larmor radius
requires higher order FLR corrections that, as mentioned in Section III.B, cannot be di-
rectly obtained within a monofluid description. Their evaluation is possible through a 1/€2,
expansion of all the fields in a multi-fluid description.*3

Another development concerns hybrid simulations that could possibly be improved by re-
placing the usual MHD description of the electron dynamics by a more refined one including

physical processes retained by the present model.
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APPENDIX A: LONG-WAVE EXPANSION OF VLASOV-MAXWELL EQUA-
TIONS FOR OBLIQUE ALFVEN WAVES

We write the Vlasov-Maxwell equations in the form

. 1
8th+v~Vfr—|—ﬂql—(e+Evxb)-vaT:O (A.1)
1c‘?tb =-Vxe (A.2)
c

4 1
V xb= ?ﬂ. E qrnr/UdeS’U + Eate (A3)

V-e=4r Z qr 1y / frd3v, (A.4)
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where f, and n, are the distribution function and the average number density of the particles
of species r with charge ¢, and mass m,. The displacement current %&e turns out to be
negligible in the present analysis where perturbations propagate at a velocity small compared
with the speed of light. This contribution which might be important for auroral plasmas is
retained by Verheest.??

Let « be the angle between the ambient magnetic field Byz (where Z is the unit vector
pointing along the z-axis) and the direction of propagation of the wave. It is then convenient
to perform the change of frame ' = xcosa — zsina, 2/ = xsina + z cos a, the dynamics
being assumed independent of the y variable. We then introduce the stretched variable
£ = /2(2 — Vyt) where Vj < c is the Alfvén-wave propagation velocity in the z direction,
together with the slow time 7 = €2¢. It follows that the spatial gradient rewrites V =

('?sina ¢, 0, €/2cosa ).

In order to select oblique Alfvén waves, we expand

by = (b)) + eb® - ) (A.5)
by = 20 + b 1) (A.6)

and thus, from Eq. (A.2),

e, = 6(6?51) + 66?(;2) 4+ .. ) (Ag)

6. = 2 4 ee® 4., (A.10)
with

Vo

?bg}) = —cos aez(}) (A.11)

Vo, ) M gin ae®

—b,’ = cosae;’ — sinae; (A.12)

c

Vo ,

?bgl) = sin ae(yl). (A.13)

We also expand the distribution function in the form
fr=F9 420 4 ef® 4 S22 4. (A.14)

where F\” denotes the equilibrium velocity distribution function, assumed rotationally

symmetric around the direction of the ambient field and symmetric relatively to forward
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and backward velocities along this direction, thus excluding the presence of equilibrium
drifts 34

It is also convenient to express the velocity v in a cylindrical coordinate system by defining
the azimuthal angle ¢ = tan~'(v,/v,) of the velocity component transverse to the ambient

magnetic field. One writes

v= (v, = vicosQ,v, = vy sing, v, =v)) (A.15)
and
smgzﬁ cosgb
V= (cos ¢y, — 8¢ , singd,, + &b , O)) (A.16)
Furthermore —. (v X Byz) -V, = —Q,0,, where €, = % is the gyro-frequency of the

cmy, mc
particles of species r.

Expanding to the successive orders, one gets from Eq. (A.1),

Q,.0;F% =0 (A.17)
00,5 = S30E s
00,10 = 2= (S FO + 2P FO) + 2,40 (A.19)
00,12 = 2= (SPFO + £ 0 + BV FD) + Dy 0 (A-20)
where
s o Uz (s sin ¢ o Uz (s
2 = (el — b)) (cos ¢, o )+ (e + 0 0y, (A.21)
E;S) _ &bgs) (COSQSavJ_ _ Sln(b a¢)
c
(s) (S) (s)
o Usby’ — b2 cosgb U, ba
el + =—2 ) (sing 9y, + 0y) — == 0, (A.22)
Y3 = (vpsina + v, cosa — V4)0k. (A.23)

Equation (A.17) indicates that FY is independent of the angle ¢. The solvability of (A.18)

A
implies e = 0 and by (A.12), e(xl) = —Obéo) where Ag = —>—. This equation is then solved
c

COs

as b(l)
9 = DE® gin ¢~ (A.24)
By

with D = (Ao - v||)8 + UL&)H We also used the solvability condition of Eq. (A.19), that
reads f < =L F9q¢ =
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It follows from the sin ¢-dependence of f;o) that 0y fﬁl) only contains sin ¢ and sin 2¢
Fourier modes.

The solvability condition of Eq. (A.20) reads

b(l) q
y FLY — —Z-DIDFOpN L Dt (s () p(1)
mr a = QCmT BO cm, <Sll’l Qﬁad)fr > Y
—v sin adg (sin pdy f V) + (v) cosa — %)0577(,1) =0, (A.25)
where D* = (Ag — v)(9,, £v') + v, 0y, and
1 b cosa b
: Wy — _—pp0) — AVDFOH, Y A2
(sin 60y ;) = =5 DB 5o+ 5o~ (v = Ao)DE 07 (A.26)

Assuming that the perturbations of the distribution function vanish at large £, we obtain

(v = M) Ty = (v = Ao) Ry + 5,8, F (A.27)
with
R, ;DJFDFT(O) Z(;)z S0, FV A+ 821?20‘ v DF© b;lo (A.28)
S, = i—iw + ;UJ_A (A.29)
My
where we have defined A = éo 257 = —0,¢ = cosadgp. As done in Ref.'%] the

electric potential ¢ can be determlned in terms of the magnetic perturbations A, using Eq.

(A.4) that, to leading order, gives
sin aﬂagb“) —4r > g, / W gy, (A.30)
c °Y "

We do not use this approach here, but rather eliminate the electric potential using the
expression of the density perturbations.!?

Furthermore, one has'®

/77("1)dv - /ervn +G,.5, (A31)
where we have defined the operator
By, F\V
G =P / qu— vy +7(dy, FON)|y=x He, (A.32)

H¢ being the Hilbert transform with respect to the £ variable.
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The z-component of Eq. (A.3) (together the previously obtained condition el = 0),

leads to the relation

sin ozﬁg _ A Z qrny /v”f (A.33)

The xz-component of Eq. (A.3) taken to leading order gives

4
— oS aﬁgb m Z Gy / V| COS ¢f(1)d3

4
= __7r ¢y / vy sin ¢58¢f£1)d3v, (A.34)

C
r

which, when using (A.19), provides the dispersion relation for oblique Alfvén waves, in the

form 0
(0)
p
A2=o2 4 PL T (A.35)
0= VAT 0 p<o>
It involves the parallel and transverse pressures p = pHr and p(o) o p M,

gether with the corresponding density p® = > pr . Here, p() = mrnrfv” r d3v,

Il

p(fz = myn, [ %Fr(o)d?’v and ,05«0) = myn, [ F9v denote the contributions of the vari-
2

ous species to the above quantities. Furthermore, v% = is the Alfvén velocity.

47rp(0)
Finally, the y-component of Eq. (A.3) gives
4
e (cos abll) — sin ab(M) = T Z ¢y / vy singpfPdP, (A.36)
that also rewrites
1 b 4 ~
_ = _ 2 T, Do fPdv. A.37
sin « gBo cBy @ /UL cos 90, d"v ( )
It follows that
1o 4 M 5 by
— 0 T riir Ao — dS o
sin o §B0 cBy . an /( 0 U”)f UBO
+4—7T SinaZm n /ﬁa <T(1) — 1<si112gz58 f(l)))dgv
Bg - rior 9 E\Jr 2 oJr
4 -
—Eﬂ cosa Y Mmyn, /UL(U” — D)0 (sin ¢pdy f 1) dPw. (A.38)
0 T
We are then led to compute
~ 1 bV sina biM
in 200, fV) = D DF® X DFEYo. 2. A.39
<Sln ¢ ¢fr > 2 T 233 + 497‘ /Ui T EBO ( )
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Using Eqs. (A.30) and (A.33) (with the condition Ag < ¢) together with the relation

2 (1)

3 ULy, 1) 08 04]3 by A0

. mrnr/ 9 fr,« (% pJ_ + sin o EBO ( . )

where, as previously, we neglect the mass m. of the electrons compared to that m, of the
(0) (0)
Pir = Pyr

2 _

protons and defined vi, = T

APPENDIX B: KINETIC FORM OF HYDRODYNAMIC QUANTITIES
1. Density fluctuations

The density fluctuations of the particles of r-species, defined to leading order as epgl) with

- mrnrffil)d3v, (B.1)
are given by "
sin o b
o) = Prot (70 + 0 A= TG a0 (), (B.2)
h

where N p P 2

P, = 27rqrnr/ Qrd(?) , = 27er,,nr/ LQr d(—= 5 L), (B.3)
0

The total density fluctuations are then given by p{! Z P,

2. Hydrodynamic velocities

The hydrodynamic velocity transverse to the local magnetic field is given by

ZT mrnerJ_f,«d:%U
S men, [ frdv

where V| = v — (v Z)B with b = b/|b|. One easily checks that V| = (VM, Vi, VLZ> with

U, = (B.4)

b
Vie =v) cos¢ — evHFO (B.5)
b(l) b(l)
VLy:vLsingb—e/2v||FO—evLsm¢BZ (B.6)
s o) ()2 A0
Vi, = - 2 — B.7
fl v, sin ¢ O—I—e( v||232 vLcosgbBo) (B.7)
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and thus

b COS (v bél) b(l) b(l)2
= <— GAOFO — € Qp (U124 +U2Ae)a§ <§0) , —61/2A FO s EA() Bg )
(B.8)
where terms in m./m, have been neglected.
The hydrodynamic velocity along the local magnetic field is
S men, [V frdPv
Uy = 7 5 (B.9)
S men, [ frdv
with Vj = (v E)E One gets U)| = eUlfl) + -+ with
(1)2 (1)
1) by AO Ao sin «v by
U Ao 2B2 (0) PQO + WOA Q vmﬁg B (BlO)
that also rewrites
(1)2 (1) b(l)
(1) _ by~ p sin o 2_

By projecting U, + U, Hg on the three axes, we recover the hydrodynamic velocity compo-

nents
bt 9 5 COS b
Uy & _6<AOE + (v +VA.) — a, O Bo> (B.12)
p(H)
u, ~ —61/2/\0% (B.13)
0
(1) b(l) b
p B 9 5 \Sina
cre( AP - 2 0. B.14
us = (Aol = ) + (4 + 1R e (B.14)

3. Gyrotropic pressures

In the framework of a mono-fluid theory, the transverse and parallel components of the

gyrotropic pressures are defined as

1
PLr = MmNy / 5(vL — U, )% f,d* (B.15)

Dljr = My /(VH — UH)2frd3v. (B.16)
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Defining the operators
vi vl

_)7 gr

M = ZM —QWqunr/oo 5
N:;NTZQ’]TZTRTTLT/OOO %)% T

the leading pressure perturbations (or order €) are given by

(1) vl <) 3 2/)9) 2 3\ (0) bz(/m
Py, = MmNy / Tfr d’v — (AOp(O) - UAr)p 2_83
sin v bz(,l)

Aop') e B

= Mo+ (2p0) + N)A -2 q

and
2 (1)2
) b

(1) _ U7 53 o
P —mrn,,/Efr d’v — vr,.p 282
sin «v b(1

(0) 2
AGOn)A = =5 Aop ”ragB

= (=g, + A(Q)PT)SO + (—=p UAr

4. Heat fluxes

Gyrotropic heat fluxes
The gyrotropic components of the heat flux tensor

:mer/(v—U)@(v—U)@(v

(U denoting the hydrodynamic velocity) read
1
qir = MyNy / §(VJ_ - UJ_)QG/H o U||)f7"d3v

qlr = Meny /(V —U))* frd?o.

(llz—i— andq“T:eqﬁi)+--

—U)f.d,

To leading order, one has ¢q,, = €q - where

b(1)2
q(jg = (U“ + Ao 2B2) + A()MTQO + A(]NTA
—i—Siﬂm n /(v2v2 — lv4)F(0)d3v(9§@
Qr rior | “L 4 1/5r B[)’

b1)2
) = =302 (U7 + Moz ) + Al = Aoa3pl? + )4

_rr‘A
grny oy + Q,
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(B.17)

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(1)

i b
M [A%pﬁo) + mmT/ (vﬁ 2%1})&3 }8 B% (B.25)
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b(1)2

5 given by Eq. (B.11).

. (1) Y

b. Heat flux contributions to the gyrotropic pressures

The longitudinal and transverse pressures (relatively to the local magnetic field) involve
trV - q, and b-V- q- -b. The heat flux components being also of order ¢, the distortion of

the magnetic field lines can be neglected to leading order. We are thus led to write

tr V- ap = 0u(¢r111 + Gro21 + Gr3z1) + 0:(qur + qr) (B.26)

and

/b\' (V ' qr) /b\ ~ 8wqr331 + azQHra (B27>

where the ¢, ;s hold for the components in the local frame of the heat flux associated with

the particles of species r. One has

o = /(V - UII)2<VJ-x - Uix)frdgv = 6qr(=13)31 T+ (B-QS)
with
(0)
1 cosa (o Q COoS (v 3 b
i = {5 [+ o = o, 0] - 5 [ = SO ac
(B.29)
Similarly, to leading order
Qri11 T Qr221 = /(VJ_ - UJ_)Q(VJ_x - le)frdgv = 6((18)1,1” + qg?lr) +o (B.30)
with
(1) L _ cosat, (02 50 1 FO gyl 2495 Y 02 2 Vg bz(xo)
Qri11TGro21 = {_Q—[ P, Not+2men, (UHUL_ZUL> y @7V + Q—pU(UA‘H’Ae)} ¢
T P 0
(B.31)

¢. Heat flux contribution to the mon-gyrotropic pressures

Neglecting the magnetic field line distortions that are irrelevant at the considered order,

we write the non-gyrotropic contribution to V - q, in the form

%(Qp 11k — QpQQk) qp 12k dp13k
V-q, =0 dp21k —%(Qpllk — Qp22k) Qp23k (B.32)
Qp31k Qp 32k 0
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where we concentrate on the proton contribution. To leading order

Qpijk = /(vZ — ;) (v — uy) (v — ug) frd®v = eqz(”;k Since we assume no dependency

in the y-variable, we are led to compute

(]1(011)11 = —Bpﬂ))u;l) + myn, / v cos® ¢f]§1)d3v (B.33)
(1) (0),,(1) 3 in2 (1) 43 B.34
Qp221 = —P plUy T Mpny [ U] SN ¢ cos ¢fp v (B.34)
qz()ll)12 = myn, / v? cos® ¢ sin gbfzgl)dg’v (B.35)
ngl)l p(ll), S) + mpnp/viv” cos? gbfggl)dgv (B.36)
(M 0), (1 o _ o, b 13
Qpozz = —D U ult) + 2(p1, — Py, )ty B, - mpnp/va” sin ¢f( )d3v (B.37)
q;11)23 = mpnp/vim sin ¢ cos gbfp VdPv (B.38)
ql(,l) pﬁ(;) W myn, / vaﬁ cos qﬁflgl)d?’v (B.39)
q;12)33 = myn, / vaﬁ sin ¢f1§1)d3v. (B.40)

Since f;gl) only projects on 1, cos ¢ and cos 2¢, one has
1 1 1
q](g1)12 = qg(yl)23 = ;(;2)33 =0, (B.41)

and the only integrals to be computed read

| 0
myn, / v3 sin pdy fél)d?’v = 4/\0]9101)9?0 + <4A3P(f;

vl cosa . b
+4myn / vi? — L) FO g3y ) —0 B.42
oy [ (VUL 4) P Q, gBO ( )
2 1 0) b
mpny / U1V sin ¢>a¢f,§ Vv = Aopy, By
+<A0p||p +mpnp/(v|| 2UJ_UH>F d ) Q, 85 By (B.43)
2 13 o o by
mpnp/vﬂ) sin 200, fiV d*v = —8Ao(p}, — Pp )@
0
0 5 UL 3 sina b

The fourth-order velocity moments are explicited in Appendix C where bi-Maxwellian dis-

tribution functions are assumed for the equilibrium state.

32



APPENDIX C: EQUILIBRIUM BI-MAXELLIAN DISTRIBUTION

It is possible to simplify the above general expressions for the hydrodynamic moments
by assuming that the plasma contains electrons and only one species of ions (with Z = 1),
with bi-Maxwellian equilibrium distribution functions

1 m3/2 m, m
0 — 2 T 2
B2 = Gy 770 72 © { <2T(0) s 2Tj°>vl>}' (C.1)

lIr I

Using the quasi-neutrality condition that prescribes n, = n(®) and ,07(«1) = m,n"), one obtains

T<o> 702
M, = —nOg =W, N, = —2n0 LW (C.2)
S w
T 1
O, = —nOm, ng)w P = —nOm,q, —gW (C.3)
Ir Ir

where, normalizing the propagation velocity of the wave by the thermal velocity vy, =

\ /T”(S)/mr in the form ¢, = Ag/v,,, one writes

1 p Ce—C2/2d T e o
W, W(cr)—\/% . ¢+ QCT He, (CA4)

0

This function is related to the plasma response function R used by SHD by W(X) =
R(X/V2).

This leads to express

01"42

Dy, T(O) T(O) (1) T(O)
b= (1= e = W ) A (@ W (S - (-~ A)

7N Ty e e
HE 14 w;l)s?;“/\oagg (C.6)
T 0
and
) _ vy a®
T”(f) - g O
=(Z-1+W <% - A+ %—TQAOQ%?). (C.7)



Similarly,

TR
Tﬁ) sin av bz(,l)
= <1 - Q”II(O)W )A 3—— Q Cﬂ)thraggo. (08)
When considering the heat flux components, we have to evaluate the integrals
4—§22F(0)d3 __32 (0) .9
My Ty (U|| 2U||UL> r U= 79UaAPr (C.9)
and
1
m,n, /(v%i) - Zv‘j)Fr(O)dgv = —2"02Arp$)r). (C.10)
We get
Q|(1) A—-3+W7- TH(I) V3 Q vX, — VA, 1sin o bV
L=t T3] (=20 ) (GE-1) + 2 | P v e (C.1)
Uth,rp”r G — 1+ Wr ZTH Vthr QT /Uth,r QP BO
and
(1) 70 ~ V2 2 (s BV
q“(o) t;‘) oW, A+ [— cf(—p + 1) + ,f” -2 UQAT —p} Smavth,ragi, (C.12)
Uth ij_»,» j—hr Q’I“ ’Uth,T vth,T’ Q?” Qp BO
that also rewrites
q(jg Tﬁ) W, Tf) 43 sin «v 5 bg(,l)
0 (0 © 0 Cr Uth,rO¢ 75—
ViDL Tﬁ,) 1— ;%03 W, () 2 Bo
I
Q VA, vi, p1sina b(l)
+-e(Z+1)+ 52 -2 "—} Vit r O 22 C.13
Qr v?h vth T Q Qp "By BO ( )
Note that for o = 0, the parallel and transverse energy fluxes computed in'%!6 in the case

of parallel Alfvén waves are recovered.
Furthermore, the non-zero coefficients entering the non-gyrotropic proton heat flux com-

ponents considered in Appendix B, become

1
qZ(yl)ll qz(;z)m =0 (C.14)
1)
1 1 0 sina ., by
q;fls - q](32)23 pi;vAp Q, Oe— B (C.15)

n (0) 2 COS b
qp133 2pHp UAp Q af BO (016)
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together with

b(1)2
0
qg(;11)13 = _p(g); uy’ + A p(l) - 2A0p(f;A + AOP(L;;_B(%

3 sin «v b(

(1 ) (1)
p ysin a b
— hop0) (5 - 25 - A) + (AF - p)pf Ocp
0~ O P 0, B,
pJ_p Pp

(1)
(1) 0) 2 sin «v b
=q1, TP,V 0, Oe—— B, (C.17)

where we have used Egs. (B.24), (B.11) and (B.19).
Equation (B.32) then reads

Ao 0y
Vegp=1 0 =)\, 0 (C.18)
py 0 0
with
(1)
0%, by C.19
Ap L,,QQ - Bo (C.19)
(1) 2 (1)
© VAp 5 by O yVAp o by
1ty _aqupntprQQ O B +2p), o 8zz (C.20)
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