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CONVERGENCE OF A SEMI-LAGRANGIAN SCHEME FOR THE
ONE-DIMENSIONAL VLASOV-POISSON SYSTEM*

NICOLAS BESSEf

Abstract. A semi-Lagrangian scheme is proposed for solving the periodic one-dimensional
Vlasov—Poisson system in phase space on unstructured meshes. The distribution function f(¢,z,v)
and the electric field E(t, z) are shown to converge to the exact solution values in the L> norm. The
rate of convergence is in O(h%/3).
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1. Introduction. The numerical resolution of the Vlasov equation is usually
performed by Lagrangian methods like particles-in-cell methods (PIC), which consist
of approximating the plasma by a finite number of macroparticles. The trajectories
of these particles are computed from the characteristic curves given by the Vlasov
equation, whereas self-consistent fields are computed by gathering the charge and
current densities of the particles on a mesh of the physical space (see Birdsall and
Langdon [10] for more details). Although this method allows us to obtain satisfying
results with a small number of particles, it is well known that the numerical noise
inherent to the particle method becomes too large to allow a precise description of
the tail of the distribution function, which plays an important role in charged particle
beams. To remedy this problem, Eulerian methods have been proposed which consist
of discretizing the Vlasov equation on a mesh of phase space. For example, finite
volume schemes, which are known to be robust and computationally cheap, have been
implemented by Boris and Book [11], Cheng and Knorr [13], and more recently Mineau
[32], Fijalkow [19], and Filbet, Sonnendriicker, and Bertrand [21]. Nevertheless, finite
volume schemes are low order, too dissipative, and restricted by a CFL condition.

Other kinds of Eulerian method are the semi-Lagrangian methods which, in some
particular cases, can be regarded as local versions of characteristic Galerkin methods
[3, 4], which have been used in convection-diffusion problems [17, 35, 25]. Semi-
Lagrangian methods were introduced at the beginning of the 1980s for the time-
advection of various atmospheric and fluid dynamics models [43, 42, 37], which can
be formulated as abstract Liouville systems (ALS). Semi-Lagrangian advection at-
tempts to combine the advantages of both Eulerian and Lagrangian advection schemes
while ameliorating their drawbacks. Eulerian advection schemes have good resolution
properties, but CFL condition number, which is a necessary condition for achieving
numerical stability, often leads to overly restrictive time steps. On the other hand,
Lagrangian advection schemes allow one to use larger time steps, but, at later times,
Lagrangian distortion (an initial regularly spaced set of particles will generally become
highly irregularly spaced over long times) implies that important features of the flow
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may not be well described. A semi-Lagrangian method uses a regular Cartesian mesh
and different sets of particles. At each time step the set of particles is chosen such
that they arrive exactly at the points of the mesh at the end of the time step, and is
advected by the characteristic curves of the ALS. More precisely, the method consists
of directly computing the distribution function of the ALS on a fixed Cartesian grid
of phase space, by integrating (or following) the characteristic curves backward (from
the end of the characteristic, which is a point of the fixed mesh, to the beginning
of characteristic, during a time step) at each time step and interpolating the value
at the base of the characteristics. In recent applications of semi-Lagrangian meth-
ods to lower-dimensional relativistic Vlasov-Maxwell (RVM) calculations [1, 2, 40],
cubic splines are used for the interpolation scheme, linear interpolation being too dis-
sipative. Semi-Lagrangian methods have been efficiently implemented using parallel
computers [41] and give considerable promise for displaying the detailed structure of
distribution functions in weak density regions.

The author extends semi-Lagrangian schemes on unstructured meshes with a dif-
ferent kind of high order local interpolation operator and with the possibility of having
a positive and conservative method by introducing a linear combination of low order
solutions and high order solutions tempered by a limiter coefficient (cf. [9]). Here we
present the convergence of the method for the simplest interpolation operator, that
is, the Lagrange first order interpolation operator. The scheme preserves positiv-
ity because the basis functions associated with the Lagrange first order interpolation
operator are always positive. Additionally, the scheme is not limited by a CFL con-
dition. More complicated interpolation on a triangle, which involves knowledge of
the gradient of the distribution function, has been implemented successfully (cf. [9]),
but it seems to be a challenge to show the convergence of these methods because we
advect not only the distribution function f but also its gradients. A first result on
the convergence analysis of semi-Lagrangian methods with propagation of gradients
is stated in [8].

Let us note that a first work on convergence of one-dimensional particle methods is
[33], where Neunzert and Wick consider nonuniform initial loadings of particles asymp-
totically distributed with respect to initial data. Cottet and Raviart [16] present a
mathematical analysis of the particle method for solving the one-dimensional Vlasov—
Poisson system, where uniform initial loadings of particles are considered. A number
of additional authors have studied the convergence of particle methods for the multidi-
mensional Vlasov—Poisson system [22, 45, 46, 49]. They have also proved convergence
results on random and deterministic particle methods for the Vlasov—Poisson—Fokker—
Planck kinetic equations [26, 27]. Finally, Glassey and Schaeffer have done the conver-
gence analysis of a particle method for the RVM system [24]. Schaeffer [39] has also
proved the convergence of a finite difference scheme for the one-dimensional Vlasov—
Poisson-Fokker-Planck system, and Filbet [20] has shown the convergence of a finite
volume scheme for the one-dimensional Vlasov—Poisson system.

Although a number of papers present satisfactory numerical results using semi-
Lagrangian methods [43, 13, 40, 1, 2, 18, 9], few rigorous mathematical results on con-
vergence analysis of semi-Lagrangian methods have been stated. Although interesting
a priori estimates have been pointed out (cf. [4, 5, 18]), a lot of work still remains to
give complete and rigorous results in more general situations. The more difficult step
in the convergence analysis of semi-Lagrangian methods is obtaining a stability result
for the interpolation operators. If stability results in the L°° norm seem inaccessible
for high order interpolation operators because of the Runge phenomena (artificial os-
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cillations, whose amplitude increases with the degree of the polynomial in the case of
Lagrange interpolation, appear at the edges of finite elements), a more appropriate
mathematical framework is L? stability. If Fourier analysis tools as Fourier series are
useful for proving L? stability in the case of grids, convenient mathematical tools are
lacking for unstructured meshes such as triangulation and have to be developed in the
future. Nevertheless new results on the convergence analysis of classes of high order
schemes can be found in [7, 8, 6].

This paper is organized as follows. In the first part we present the continuous
problem. In the second part we expose the discrete problem and the numerical scheme
to solve it. Then we study the convergence of our numerical scheme. In the last section
we give refined convergence results.

2. The continuous problem. We consider a noncollisional plasma of charged
particles (electrons and ions) in one dimension. We take into account the electrostatic
forces and neglect the magnetic effects. Due to the great inertia of the ions compared
to the electrons, we assume that the ions form a neutralizing uniform background.

Denoting by f(t,z,v) > 0 the distribution function of electrons in phase space
(with mass normalized to one, the charge to plus one), and by E(t,z) the self-
consistent electric field, the adimensional Vlasov—Poisson system reads

of  of of _
(2.2) d—E(t x) = p(t x)/Jroof(tx v)dv — 1
* dl1 ) p ) e ) Y *

We consider a periodic plasma of period L. Hence in (2.1) and (2.2) we have x € [0, L],
v € R, t > 0, and the functions f and E satisfy the periodic boundary conditions

(2.3) f(,0,0) = f(t,L,v), veR, t>0,
and
1 L +oo
(2.4) E(t,0)=E(t, L) — Z/ / flt,z,v)dvde =1, t>0,
0 —0o0

which means that the plasma is globally neutral. In order to have a well-posed
problem, we add to (2.1)-(2.4) a zero-mean electrostatic condition,

(2.5) /OL E(t,z)dr =0, t>0,

and an initial condition,

(2.6) f(0,2,v) = fo(z,v), x€][0,L], veER.

If we introduce the electrostatic potential ¢ = ¢(¢,x) such that
E(t,z) = —g—(t,x),

and if we denote by G = G(z,y) the Green function associated with our problem—
that is to say, for y €10, L[, G(.,y) is the solution of

2
,%(%y) = 5($ fy), x € [O,L], G(an) — G(L,y),
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where § is the Dirac distribution—then G(z,y) and K(z,y) = —0,G(x,y) are given

x(l—%), 0<z <y, (%—1), 0<z<y,
G(z,y) = - K(z,y)=q
y(l_f)7 y§$<L7 Z? y<$§L

Therefore ¢ is given by

o) = [ "Gl ( / " ftp oo - 1) dy.

— 00

and F can be rewritten as

(2.7) Bt z) = /0 " Koy ( / T bty o)y — 1) dy.

—00

In addition, assuming that the electric field E is smooth enough, we can solve (2.1),
(2.3), and (2.6) in the classical sense as follows. For the existence, uniqueness, and
regularity of the solutions of the following differential system we refer the reader to
[12] and [36].

We consider the first order differential system

%(t; s,x,v) =V(t s, x,v),
dt
(2.8) av
E(t; s,x,v) = E(t, X(t;s,2,v))

and denote by t — (X (¢; s, z,v),V(t;s,2,v)) the characteristic curves, which are the
solution of (2.8) with the initial conditions

(2.9) X(s;s,x,v) =z, V(s;s,x,v) =v.
Then the solution of problem (2.1), (2.6) is given by
(2.10) ft,z,v) = fo(X(0;¢t,2,v),V(0;t,z,v)), =z,veR, t>0.

We note that the periodicity in x of fo(z,v) and E(¢,x) implies the periodicity in x
of f(t,x,v). Moreover, as

‘ A(X,V) ’ _
aw,v) |

we get

1 L +oo 1 L oo
Z/ / f(ta z,U)dde = Z/ / fo(:c,v)dvdx =1.
0 —0o0 0 —o00

Therefore, according to the previous considerations, an equivalent form of the
Vlasov—Poisson periodic problem is to find a pair (f, E), smooth enough, periodic
with respect to x, with period L, and solving (2.7), (2.8), (2.9), and (2.10).
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2.1. Definitions and notation. We now introduce basic notation. If N denotes
the set of nonnegative integers, a multi-index « is an n-tuple of nonnegative integers
a:=(a1,...,an), ; € N;i=1,...,n. We have the following definitions:

la| = a1 + -+ ay,

o 05} (07
D* =03 ...0;.

Let © be a domain in R™. For any nonnegative integer m let €™ (2) be the vector
space consisting of all functions ¢ that, together with all their partial derivatives D¢
of orders |a| < m, are continuous on .

We define the vector space %,"(£2) of all functions ¢ € €™ () for which D%¢ is
bounded and uniformly continuous on {2 for 0 < |a| < m. €;*(€?) is a Banach space
with the norm given by

¢l

mioy = max sup|D%p(z)].
@ = e sup |D%(2)]

We define €™ (£2) as the subspace of €™ (£2) consisting of those functions ¢ for which,
for 0 < |a| < m, D*¢ has compact support in Q.

If 0 < A < 1, we define €™*(Q) to be the subspace of €™ () consisting of those
functions ¢ for which, for 0 < |a| < m, D%¢ satisfies in Q a Holder condition of
exponent \; that is, there exists a constant K such that

|D*¢(x) — D*¢(y)| < K|z —y|*, z,y € Q.

€™ () is a Banach space with norm given by

D(w) — D*(y)|

l[@llgmr) = [|9llgm@) + max  sup
() 3 () 0<|a|<m 4y e |x_y|>\
T #y

For all ¢ : R® — R we let

T,y € Q ‘JZ - y|
T #Y

Furthermore,
Lip(Q) ={¢:R" — R | Lip(¢) < oo}
is a Banach space with the norm given by

[[#]|Lip) = l|9ll%o1()-

We define 677, (Qg, x,—1) as the subspace of €™ (£2) consisting of those functions

b,pery;
¢ which are periodic with respect to the variable x; and bounded with respect to other
variables. We also define 7., (2, X ©,-1) as the subspace of €"(2) consisting

C,pery,;
of those functions ¢ which are periodic with respect to the variable x; and compactly

supported with respect to the other variables.
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We denote by LP(£2), 1 < p < oo, the space of all equivalence classes of real-valued
Lebesgue-measurable functions. LP(2) is a Banach space with the norm given by

1/p
|¢||Lp<m={/ﬂ¢|pd9} L 1<p<oo,
18]l = ess sup |é(2)]-

z2€Q

We define W™P(Q) to be the Sobolev space consisting of all functions ¢ which, to-
gether with all their partial derivatives D¢ taken in the sense of distribution of orders
|a] < m, belong to the LP(Q) space. If we define the seminorm as

1/p

Dlwery =9 D D0 » 1<p<oo
la|=k
|¢[wr. (@) = max ess sup |[D¥¢(z)],
la|=m z€Q
then we provide WP () with the norm

m

1/p
||¢||W"L=p(ﬂ) = {Z ¢|€Vk,p(g)} ) 1 S p <0,

k=0

||¢||Wm=°°(ﬂ) = Og}caéxm |¢|Wk,oo(Q).

Let X be a Banach space with norm ||-||x. We denote by € (0,73 X), 0 < T < +o0,
the space of m-times continuously differentiable functions from (0,7") into X, and by
L?(0,T; X) the space of all strongly measurable functions ¢ : t — ¢(¢) from (0, 7))
into X. The following norms are defined:

|l 0,7:x) = sup |lo(t)|]x,
t€[0,T)

&6
dt*

)

€(0,T;X)

l[@llgm0,1;x) = Z
k=0

T 1/p
ol Lr0,7,x) = {/ |¢(t)l’;}dt} , 1<p<oo,
0

¢llzoeo,75x) =ess sup |[p(t)]]x.
0<t<T

Finally, we introduce the space £°°(0,T; X) defined by

£ 0.75) = {5 10t = X Wl = ma, 1707 < oo}

where X denotes a functional space (in our context X should be LP, p € [1, o0]), and
the space L defined by
b ={f e L'NL¥ | |[fllp1e < oo},

where

1l paee = If ML + 1 o -
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2.2. Existence, uniqueness, and regularity of the solution of the contin-
uous problem. In this section we recall a theorem of existence of a classical solution
for the Vlasov—Poisson system. The following theorem gives the existence, unique-
ness, and regularity of the classical solutions, global in time, of the Vlasov—Poisson
periodic system in one dimension.

THEOREM 2.1. Assuming fo € ‘Kc{pe” (R, x Ry), positive, periodic with respect
to the variable x with period L, and Q(0) < R with R > 0 and Q(t) defined as

Q1) =1+sup{|v|: Iz € [0,L], 7€][0,t]| f(r,z,v) #0}

1 L +oo
Z/ / fo(z,v)dvdx =1,
0 —o00

then the periodic Vlasov—Poisson system has a unique classical solution (f, E), peri-
odic in x, with period L, for all time t in [0,T), such that

and

feE (0,T;6, e, (R X Ry)),

E e Cgbl (07 Ta Cgbl,perm (R)) )

and there exists a constant C = C (R, fo) dependent on R and fy such that

Q(T) < CT.
Moreover, if we assume fo € €7, (Re x Ry), then (f,E) € €,"(0,T;6,.,. (R, x
Ry)) x €0, T; 6}, (R)) for all finite time T.

Proof. We do not write out the proof because it is a straightforward adaptation
of the proof done by Schaeffer in [38]. We refer the reader to the articles [34, 28, 29,
23,15, 30, 31]. O

2.3. Regularity assumptions for the continuous problem. For our pur-
pose, we first suppose that fo(z,v) satisfies the following regularity assumptions:

fo 6%2

C,pery

(R, x R,).

Then, as is proven in Glassey [23], if fy is smooth and compactly supported, the
solution of the Vlasov—Poisson system remains smooth and compactly supported for
all time. Theorem 2.1 gives the existence and uniqueness of the solution (f, E) such
that

(2.11) fe€ (0,T;62,.,, (R, xRy)),
(2.12) E €% (0,T; %b%pm (R)).

Further, we prove that we still have convergence under weaker regularity assumptions.
3. The discrete problem.

3.1. Space of approximation and the interpolation operator. Let Q =
0,L] xR, Q@ = [0,L] x [-R,R] with R > 0, and 7, be a triangulation of Q.
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Before going further we impose some regularity assumptions on the triangulation
T, as follows:
(H1) The triangulation 7}, is regular; that is to say, there exists a constant o such

that
h
L <5 VT e Th,
pPT

and the quantity h = max(rcz, ) hr approaches zero, where hr and pr de-
note, respectively, the exterior and the interior diameter of a finite element
T.
(H2) All the finite elements (T, Pr,Xr), T € 7}, are affine equivalent to a single
reference finite element (JA“, P, f)) (see [14]).
Let P,, be the space Lagrange polynomial of degree less than or equal to m, and
let X}, be the space defined by

X, ={geW">*nW"(Q), g,p € Py VT € Tp,}.

Let 7, be a continuous linear interpolation operator from W™m+Loenym+L.r(Q),
1 < p < o0, onto Xp,. The interpolation error estimations in Sobolev spaces (see [14])
give, with k € {0,1} and q € {p, 00},

(31 Nf = mnfllwra) < CR™E flwmina V€ WL awmib(Q).

The space X, is characterized by its basis functions, denoted by {t}.

3.2. Transport operators. Now we introduce some transport operators. Let
71 and 75 be the operators defined as

ﬂg(t,x,v) =9 <t,.’£ - vétav) )

%g(t,l’,’U) = g(t,l‘,’U - AtE(ta m))v
where E(t,z) is the solution of the following problem:

dE
(t,x) /ﬂgtmv)dv—l

/Etx =0.

Let ’]~'1 be the transport operator defined as

(3.2)

~ At
ﬂg(t?x7/u) = Thg (t,.’l} - ’112,’()) )
where

Whg(taxav) = Zg(taxk,vk)djk(xav)a

k
and let ;2:2 be defined as
Tog(t,z,v) = mag(t, z,v — ALE(L, 3)).
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Finally we introduce

@*g(thav) = ﬂ-hg(ta Z,v— AtEh(tax))a

where Ej,(t, ) is the solution of the following problem:

(3.3)

dEhtac /Tlgtxv)dv—l

/Ehtx

Notice that (2.7) implies that E(t,z) and Ej,(t,z) are respectively given by

and

+oo
t x) / K(z,y) ( Tig(t,y,v)dv — 1) dy

+oo
w(t, ) / K(z,y) < Tig(t,y,v)dv — 1) dy.

4. The numerical scheme. We suppose that we know f3,(t") defined on 7j,.
Therefore the numerical scheme which allows us to go from time t" to ¢"*! and
compute f,(¢" 1) can be described in four steps:

(A1)

(A2)

(A3)

(A4)

We evaluate the distribution at time t™ at the foot of the field-free characteris-
tics starting at (z,v) at time ¢t"*+1/2 using a Lagrange interpolation operator.
This action is described by the transport operator Ti.

The output from (Al) is integrated with respect to velocity to provide an
approximation for the density at time ¢"*1/2, which is then substituted into
the Poisson equation (3.3) to compute the approximation of the electric field
at time ¢"t1/2,

The result obtained from (A1) is evaluated at the foot of the velocity char-
acteristic starting at (x,v) at time ¢"*! with the acceleration field found in
(A2) using a Lagrange interpolation operator. This action is described by the
transport operator ’]~'2*

Between time t"+1/2 and t"+1, we apply step (A1) to the output from (A3).
This action is described by the transport operator ’]~'1 Then we obtain
frn(t"1), which is the new initial data for the algorithm (A1)—(A4).

Using transport operators defined above in section 3.2, the numerical scheme can be
written as

fh<tn+17.’1,‘,1}) = lj:l © fj;* o ﬁfh(tn7xav)>

where f5(0,2,v) = 7, fo(z,v) is a discretization of fy for the initial data,

St 2+ L,v) = fu(", x,0) Vo] < Q(T)

is the boundary condition in x, and

fr(@™ x,v) =0 Y| > Q(T), Yz €0, L]

is the boundary condition in v.
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5. Convergence analysis.

5.1. Main theorem. We next give the convergence theorem.
THEOREM 5.1. Assuming fo € €2, (R, x R,), positive, periodic with respect

c,pery
to the variable x with period L, then tze numerical solution of the Vlasov—Poisson
system (f1, En), computed by the numerical scheme exposed in section 4, converges
toward the solution (f,E) of the periodic Vlasov—Poisson system, and there ezists a
constant C = C([| fll«2(0,r;w2(0))) independent of At, h such that

h2
f = fulle= 0,722 @)) < C (IIflle20,mw2(@)) (At2 TR+ At>
and
h2
|1E = Enlle=0.7:2(0.) < C ([Iflle2 01w (@) <At2 +h? + At) .

Remark 5.2. In Theorem 5.1 we have a lot of choices for the time step. We
note that the convergence rate is slightly better than first order: If we make the
choice At = h?/3, then the error estimate involves h*/3 rather than h to the first
power. Therefore we see that the main reason for using semi-Lagrangian schemes in
lieu of particle schemes comes from the nice flexibility of the error estimates stated in
Theorem 5.1, because they allow us to choose larger time steps and get convergence
rates higher than one.

5.2. Idea of the proof. We want to evaluate the global error at time #"*!:
"= || f(t" T 2, 0) — fh(tn-‘rl,x,v)HLoo(Q).
Therefore we decompose f(t" 1, x,v) — f,(t" !, x,v) as

FE T 2,0) — a2, 0) = F(E 2,0) = T o T o T f(E, 2,0)
+TioTo T f(t", x,v) 7%1 o’]é oﬁf(t”,x,v)
+TioTyoTif(t",z,v) — Th o T o T1f(t", 2, v)
F T 0T o TS, r0) — falt™,0).

In order to estimate e"*! we will estimate the four terms on the right-hand side
of this equation. These estimations are described in the following section.

5.3. A priori estimates. We begin with the following lemma, which gives an
estimate of the time discretization error.

LEMMA 5.3. Assume that f € 62(0,T;62,.., (Re X Ry,)); then there exists a
constant C' such that

[fE" ) = Tio T o Tf(t")|| e ) < C (If w2 0,mw2. @))) AL
Proof. As f is constant along the characteristic curves, we have

f(thrl, z, U) _ f(thrl, X(tn+1; tn+1, x, U), V(tn+1; tn+1, x, U))
f(tny X(tna tn+17 z, U)? V(tn’ tn+17 T, U))
f@n, X@@), V),
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where X (t") = X (t";¢"*1 2, v) and V (¢") = V (¢";¢" "1, 2,v). On the other hand, we
have

T 0T o Tif(t") = Ty o T o T (1", ,v)
:ﬂOEf(t” a:—vAQt,v)

=Tf (t", —v&t+ A7t25(1571+1/2, z),v — AtE(t"+1/2, x))

(t” z — vAt + A2 E(t”+1/2 L\t) v — AtE(t”‘H/Q _ v%))

f
F@r (t" "t xv), V(t";t"“,x,v))
FEn X (), V (),

where
~ At? ~ A
X(t") =x —vAt+ TtE <t”+1/2, x— vt)
and

~ ~ At
V(") =v— AtE (t"“ﬂ,x - v2> .

In order to justify the following Taylor expansion, we remember that assumption
(2.12) gives E € €(0,T;6; e, (R)). We notice that E has the same regularity in
space as F, as the source terms in Poisson equations (3.2) and (2.2) also have the
same regularity.

Hence a Taylor expansion gives

X(m+12) — (x —v§t) = X(T2) — (X (") — V(T §h)
(5.1) = X(t"T/2) — (X (¢n+Y) — St (1))

O(At?).

As f € 62(0,T;62,., (R, xR,)), we have

c,pery

t’l’7,—|-1/27 , _ tn _ g’
f( x ’U) A.];( T—v5 7}) _ 8tf(tn+1/2,l‘,’l}) +Uaggf(tn+1/2,$,1}) +O(At>
2

(5.2) = —E{" Y2 2)d, f(t"Y2, 2z, 0) + O(At).

Then, using (2.7) and (5.2), we get

E(tn+1/2,l’) _ E(tn+1/2,f£)

_/OLK(x,y) (/:O[f(t"“/z,y,v)—f( Ly —vALy )]du>d

(5.3) < C (Ifllg2(o,rsw2(q))) At
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Using (5.1) and (5.3), we obtain
V(Em) = V(m) = V(Er) = (V) = LB (2 X ) - vt 4L )
= V(") — (V(t"+1) — ALE (412 X ($n41/2) O(AtQ)))
= V(") — (V™) — ALE (1712 X (1 T1/2) + O(At?)))
+ At( (£7F1/2, X (£41/2) 4 O(AF2))

— B (12 X(72) + 0(A1)) )

V(") — (V) — AtE( T2, X (t7F1/2))) + O(At%)
V(t") — V(") + AtV (1" H1/2) + O(At3)
C (IIflle2(0, ;w2 (q))) At?

IA

and
X(tm) = X (") = X(t7) - (X () — AtV (et
+ AR (12, X () - V)
= X(tm) — (X () = AV et
+ ARE( 2, X(112) 4+ 0(Ar2))
= X () — (X(m+Y) = A ()
+ AL B2, X (11/2) + 0(Ar2))
— A (E(t”+1/2, X(t"1/2) + 0(At?))
= B2 X (0H2) + 0(A))
— X(t") - (X(t"“) — ALV (i
+ AthE(t”“/z,X(t”“/?))) +O(AtY)
= X(t") - (X(t"+1) — ALX (1) + AthX(t"“/Q)) +0(AtY)
= X(t") - (X(t”“) — AtX (1) + AT‘*QX(t"“)) +0(A)

< C (Iflle2(o, w2 (@)) AF.
Finally, we deduce that
TioToTif(t") = f(t", X (t") + O(A), V(1) + O(AL?))
FEm X (), V() + V(" X (7), V(E™)) - O(A?)
(t"+1 X)), V(nth) + Vi, X (), V(")) - O(At)
= f(t" 2, 0) + V@, X([t"), V(t")) - O(AL?)
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and

™) = Ti o T o Tif (t")|r(q) < C (1 fle20,m5w2 @) IVl o< (0,17 x @) A

We continue with the following result.
PROPOSITION 5.4. Assume that f € L=(0,T; 655 (Ry x Ry)), m > 0, and 7,
is a continuous linear interpolation operator from W™+Lo°(Q) onto Xp,; then there

exists a constant C' such that fori=1,2, 1 <p < o0,

(5.4) Zi fl| Lo 0,7 wm+1.0(@Q)) < Cllfll L0, m5wm+10(0))
(5.5) T fll =0 00@)) < ClF | Los (0,0wm+10(0))

and

(5.6) (T = o) fllzo=0.1:20(@)) < CH™ | fll oo 0,750 m+1.0())-

Proof. 1t is obvious that

At —
(5.7) Hf(tal“ -5 »U) HLoo(o,T;Lp(Q)) = ||f||L°°(O,T;LP(Q))
and
(5.8) 1tz 0 = Bt 2)A) || Lo 0,1520(@)) = 1l L 0,710 (@) -

On one side the gradient of f(t,x — vAt/2,v) gives

(112 =05 0) )| =10~ oas
‘ e\ flt, T —vS Lo (0.T5LP(Q) 10: I, (0,T5L7(Q))

and

(87— 08,

< AU0uf Nl oo o 1L O fll Lo 0.1:17(Q)) -
U)>HLoo(o,T;Lp(Q)) < 5 10, (0,1:L7(@) T 100 1. (0,T;LP(Q))

Hence
Hf( T fvg v

)HL@C((),T;WW(Q)) < Cliflzeomwrr i -

In the same way we get
[ =020 sm grmerigy < CWlamorarnsssin:
On the other side the gradient of f(t,z,v — E(t,z)At) gives

102 (f(t, z, v — E(t, x)A))|| L (0,1;27(Q))
< Haﬂﬂf”LN(O,T;L?(Q)) + At||890E||L°°([0,T]><[0,L]) ||8vf||L<x>(0,T;Lp(Q))

and

10u(f(t, 2,0 — E(t, T)AL))|| Lo (0,7:20(Q)) < ||8vf||Loo(o,T;Lp(Q)) .

0
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Hence
1620 = Bt 2) A0 o rawr ri@)) < (L+ CAD |0 mawn @)
< Clfllpee o,mwrre(0)) -

In the same way, as E € L°°(0,T; Cﬁb”;;l (R)), we get

[ f(t,z,v— E(t, x)At)||L°°(0,T;Wm+1=P(Q)) <C Hf||Loo(o7T;Wm+1,p(Q)) )

which completes the proof of (5.4).
7, is an interpolation operator which is characterized by the basis functions {t}.
Then 7y, f can be written as follows:

T f(t,x,v) = thl'ka”kwkxv ka JUi(z,v).

As any 9, € L*°(Q) and has compact support, there exists a constant M such
that

L>=(Q) Le=(T)

< card(Xr) sup max | (z,v)]
TeT, (z,0)€ET

<M,
where X7 is the set of degrees of freedom on the triangle T'.
e [°° case:
0 fll e (@) < M1l ey D k(. 0)] < MIIfll ) -
k
o L' case:

/Q Ot < 3 Vo) /Q uldrdo < M 3 |f0)hmeas (50

where Sy is the support of . Let Ay be the geometrical area associated
with the node Ny = (xg,vx), obtained by joining the barycenter of the tri-
angles that have the vertex Nj in common to the middle of the edges of the
triangles; then there exists a constant K > 0 independent of h such that
(1/K)meas(Sy) < meas(Ag) < meas(Sy). Then we obtain

wnf ) 1oy < CMK > | fi(t)|meas (Ax) < C [l £(1)] 11 ()
k

and

70 SNl Loo 0,771,210y < C Il poe 0,77, 11(Q)) -

e LP case:

/Q (o (1) |Pdvda < /Q (Zk:fk(tﬂwk) dvds.
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Thanks to the Holder inequality, we get

p/p*
/Qﬂhf(tﬂpS/Q <;|fk(t)|p|7/}k|> (g |7/1k|> dvdz,

with p* = p/(p — 1). Then we get

IFaf ) < M7 S 1OF /Q [eldado

< KMP/PEEN £ (8)[Pmeas (Ay)
k

p
<C ||fHLp(Q)

and finally

H7Thf||Loo(0T Lr(Q)) = <C ||f||L°°(O T;L7(Q)).

Hence, as f € L>=(0,T; ¢! (R, x R,)), then

c,pery

H7rhf< x—v%t, C’Hf( x—v%t,v

)HLOO (0,T;L7(Q)) )HL‘”(QT;L"(Q))
< Ol fllzee(0,m:20(Q))

< Ol fllpee (0,75wm+1.0(Q))

and
l7wnf(t 2,0 = E(t,2)A)|| e o,7500(@)) < CIF(E 2,0 — E(t,2)At)|| L 0.7:20()
< Ol fllze0,m;27(Q))

< Ol flle(o,r;wm+10(Q))

which completes the proof of (5.5). Finally, thanks to inequality (3.1), we obtain

Hf(’f,l" —“%’”) _”hf<t -l )HLOO(OTLP(Q))

< Chm‘*‘le(t T —vAt )H
Lo (0,T;Wm+1.p(Q))

< CR™ Y| f]| poe (0, m5wm+1.0(Q))
and
||f(t, T,V — E(t, x)At) - th(tv z,v— E(t’ x)At)HL‘”(O,T;L”(Q))
< Ch™ || f(t, 2,0 — E(t, 2) At)|| oo 0, 1w +1.2(Q))

< Chm+1|\f||Loc(0,T;W’"+1vP(Q))’

which completes the proof of the proposition. ]
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The next lemma gives an estimate of the space discretization error.
LEMMA 5.5. Assume that f € L®(0,T;€"E (R, x R,)) and that m, is a

C,pET 3
continuous linear interpolation operator from W™ +L2°(Q) onto Xp; then there exists

a constant C' such that
1T 0 T o Tf(t") = Ti o Tz o T f ()| e () < CH™ M| f | v (omwmsr(Q))-
Proof. We begin with the following decomposition:
TioToTif(t") — T oo o Ty f(t7) = (T — i) 0 To o T (1)
(5.9) + Tio(Ta—Tz) o T f(t")
+ TioTzo (T —Th)f(t™).
Using (5.4), (5.5), and (5.6), the decomposition (5.9) gives for the first term
(Ti = T0) 0 To o Ti f(t")|| o0y < CH™ T 0 Ty f (") [wrms1.0 ()
< CR™ T (™) .o (q)
< CRM (™) | yrmea1,00 ()
< Ch™ [ fll L (0,0 m1.20(Q))
for the second term of (5.9)
171 0(T: = T) o T f (1)~ (@) < Cll(T2 = To) o Tif (1")| ()
< CR™ T (™) im0 ()
< Ch™ [ fl| Lo (0,0 m+1.2(Q))
and for the third term of (5.9)
170 T (T = T (")llr(@ < CINT = TS (")l [~(@)
< Ch™ | fll e 0.0 m 1.0 (@)

which proves the lemma. 0

We continue with the proof of another lemma that gives an estimate of a coupling
error between the resolution of the Vlasov and the Poisson equations.

LEMMA 5.6. Assume that f € L®(0,T;€7E (R, x R,)) and that m, is a

C,pET 3
continuous linear interpolation operator from W™ +L2°(Q) onto Xp; then there exists

a constant C such that
T 0Tz o Tif(t") — T o T o i—lf(tn)”Lw(Q) < CAt (e" + ™) [ f]] o (0,7;Wm+1.5 (Q))
where
e = [If(t") = frn(t") L) -

Proof. On the one hand, we have

(T~ T)g(t") = mn (91" 2,0 — AE2(2)) — (1" 2,0 — ALE} (2
On the other hand, we have

lg(t", z,v— ALE"2(z)) — g(t", z, 0 — ALE TV (2))]
< MEM2(2) = BF (@) V() | e gy -
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where E"1/2(z) and EZH/Q (z) can be written as follows:

B2y /Ka:y (/71 "y dv—l)dy,
Ept /Kwy(/:ﬁfh LY dv—l)d.

Then we can write

B @) — B / K (x,y) ( /R (Tifult,y.0) = T, .0)] dv) dy.
- /OLK(Q;’y) </v|<Q( ; [fh(t”,y—v— v) ff< Ly —vAL, v)}dv) dy
/ /|v<Q (mj(t”,y—v—t v) —f(t”,y—v%,v))dvdy,

so that we get

n+1/2 =n41/2
1By R — Bty

Iz o.L])
< QK [ [ (17,0 = v8t,0) = 7 (17w —v8t0)]|
(5.10) FLQUIK e s (17w —v8t.0) =1 (1w =8t )|

and using (5.4), (5.5), and (5.6),

(5.11)
n+1/2 - n
1ER 2 = B2 e 0.1y < LQD|IK || poo [l e 1fn (%) = F(E) | o ()

+ CLQ(T)||K || oo K™ | F ()] [y mes1.50 () -

Finally, we obtain
||E}7Ll+1/2 _ En+1/2“L°¢([O,L]) < C (en + hm'+1>
and, as a consequence,
(12 1T~ T e < CAL (" + H™) V(") ey
Then, using (5.4) and (5.12),

170 (B~ T) o B (1")lmi@ < CNE — ) o TS () 1 )
< OAL (" +h™ ) IV(TLf (™)l = (o)
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Now we estimate the term ||V(’]~]f(t”))||Loo(Q). We can do this in the following way.
Using (3.1), we get

V@i < [V (s (0 = 030)) |,

< HV[(ﬂhf -/ (”737 - “%’v)] HLoo(Q)

+HV(f(t”ax - ”%’”» HLoo(Q)

< Ch™[fllz=o,mwmer=(@) + 1 llL=mwms1.2(q))
< ClIfllLs0,m;wm+1.00(@)) -

In fact, this estimation is due to the continuity of 75 from W™1°(Q) onto Xj,.
Then we finally obtain

1710 (Ts — T37) o Ty f(t") | L= () < CAL (€ + K™ ) || Fl| oo (0,0:wm 1.0 (0)).

which completes the proof. 1]

We now state the last lemma, which gives information about the stability of the
numerical scheme.

LEMMA 5.7. Let m), be the interpolation operator from W2>(Q) onto X with
P,, = Py; then we have

(5.13) 1Ty 0 T3 o Tu(f(t") — fu(t™)]lLoe(q) < €™
Proof. As 7, is a linear interpolation operator, the basis functions satisfy
0<¢p<1
and

> k=1,
k

and therefore we have

™ oo
o) _

eL™ Lee
%0 ()]

Indeed we have

|Thg| =

Z 9(xk, 'Uk)wk@:v U)
k

< lgklvr(x, v)
k

< N9l 3w = gl g -
k

As a consequence we obviously obtain
1T 0T 0 Ta(f(#") = Fut*Dliw@) < 1T 0 Ti(F(E") = fult™) = (@)
<IT(fE) = fat™) =@
S NFE") = fult™) e () -
which completes the proof. 1]
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Now we can return to the proof of the main theorem.
Proof of the main theorem. We want to evaluate the global error at time t"*!:

"= || f(t" T 2, 0) — fh(t”+17x,v)\|Loo(Q).
We decompose f(t" T x,v) — fr,(t" T 2, 0) as

FE Tz v) — fr (", v) = F(E"T 2,0) — T o To o T f (17, 2, 0)
+ T oTo Tf(t",x,0) =Ty o Ty o TLf(t",x,0)
+ T, o’]éo’if(t",a:,v)—’io’]é*oﬁf(t”,x,v)
(5.14) + T 0Ty o T (f(t", 2, 0) — fa(t™, x,v)).

Finally if we put together Lemmas 5.3, 5.5, 5.6, 5.7, we obtain the following estimation:
"< (L4 CAte" + C ([ fllg20. w2 (q)) (A +h? + h2At).

A discrete Gronwall inequality enables us to get

h?
6n+1 < exp(CT)eO +C (||f||<g2(0,T;W2,oo(Q))) <At2 + Kt + h2> .

As €0 is only a fixed interpolation error, we obtain

h2

e < O (IIflle20,mw2~@))) (At2 + A7 + h2> .

In order to prove the convergence of the electric field, we estimate
1B %) = By e o,

To estimate this term we proceed as in the proof of Lemmas 5.6 and 5.3. Then we
obtain

- . h2
|E /%) — Eh+1/2||L°°([O,L]) < C (1 fllg20,mw2(q))) (At2 +h? + At)

and
B %) — E(™2)| e o,y < C (1 ll20,msw2 (@) ) AL

so that

n I h2
|E( +1/2) _ Eh+1/2HL°°([07L]) <C (Hf||<€2(0,T;W2‘°°(Q))) (Atz 1 At) ' .

5.4. Other results. We can prove the convergence of our numerical scheme un-
der weaker regularity assumptions. Following the proof of existence and uniqueness of
the solutions of the Cauchy problem for the Vlasov—Maxwell system in one dimension
made by Cooper and Klimas [15], if we take fy such that

fO € (gb,perz n WCLOO(RI’ X IR’U)7
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the Vlasov—Poisson periodic system given by (2.7), (2.8), (2.9), and (2.10) has a unique
solution (f, F) such that

f €6 (0,T; % per, N WS (R; x R,)),
Of € L7 (0,75 L (Ry X Ry)),
where the derivative is taken in the sense of distribution, and
Ec € (0,T;%) per, (Ry)) -

Now we state the theorem.

THEOREM 5.8.  Assume that fo € Gpper, N WHP(R, x R,). Let a > 0,
h ~ AtYe with 0 < e < 1; then (fy, Ep), the numerical solution of the peri-
odic Vlasov—Poisson system, converges towards (f, E), and there exists a constant
C = Cfllg, 07w » 10ef | Lo (0,7 1.0 (q))) independent of At and h such that

1f = falle 0,750 (@) < C (At + h+ h'~¢)
and
|E — Enlle=o,r;0>(o,L1)) < C (At +h+h'"%).

Proof. In order to prove Theorem 5.8 we have to examine how Lemmas 5.3, 5.5,
5.6, 5.7 and Proposition 5.4 can be adapted to the new regularity assumptions.

We begin with Lemma 5.3. Now we cannot apply Taylor expansion, since the
solution is not regular enough. Thus we have to rewrite all the estimates. First we
have

X () — (@ = vAE/2) = X(EH2) — (X - V() L)
gnt+1/2

=/ (Vi) - V() de

ntl
(5.15) prt1/2
/ E(r,X(7))drdt

t"+1 t"+1

< CAL B oo 0,7 1o ([0,1))
< CAP.
Next we note that we have the following decomposition:

pn+1/2

0= (= v30) = [

As f € 6,(0,T; W% (Q)) and 0, f € L (0,T; L (Q)), integrating the previous
decomposition, we obtain

/OL/R ‘f(tnﬂ/?,y,v)—f(t",y—v e )‘dydv
pn1/2
SN

Yy
8tf(t7y7v)dt+ / 8wf(tn7aj7’l))d.’lf

y—vAt/2

|0:f (t,y,v |dtdvdy+/ / / |0, f (", x,v)| dedvdy,
vAt/2
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and then

L
/ / ‘f(tn+1/27yav) ff(t",yfv%,vﬂdydv
0 R,

< CLQX@)A (10l 0,722 (@) + 196 e 0.7

(5.16) < CAt,
so that, using (2.7),
(5.17) |E(t" Y2, z) — B2 2)| < CAt.

Then we have

tn

V(") - V(") = E(t,X(t))dt + ALE (tnﬂ/?, v U@)

2
tn+1

:/tn (B (t, X(t) — B@"™/2,X(t)))dt

n+1

+ /tn (B("Y2 X (1)) — B2, X (t"FY/2))dt

n+1

+ A B(E 2 X () - Vet AE) - B2, x (%) )

s B X v )

- B2 X @) - vt 4t

As E € €1(0,T; %}

bper, (Rz)), we obtain

(5.18)
sup{‘V(t”;t”“,x,v) - V(t”;t”“,x,v)‘ | V(z,v) € [0, L] x ]R}

< CA#Lip (E(.,z)) + CQ(T)At?Lip (E(t,.)) + CAt3Lip (E(t,.)) + CAt?

< CAt.

We go on with the estimate of X (¢") — X (¢"). We have
Y " ! At? 7 n+1/2 +1 +1\ A
ny _ ny _ _ At n n _ n At
X(t") - X(t") /Wl B X)) drde— 4 B(11/2 X (1) — V(e 4t

so that

(5.19)
sup {’X(t") — Xt

| V(z,v) € [0, L] x R} < OAP2 (||EHLO° + ||E||Loo) < OAf2.
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Now we use the estimates (5.18) and (5.19) in order to bound the quantity
Tio T o Tif(t") — £ (£, 0) = F(t7, K ("), V(E%) — £ (£, X (#7), V ("))
in the L™ norm. As we have the continuous embedding W — €91  then

17i0 T o Tf (") = f (") ]| o ) < CLip (F(E" ) AL,

<C sup Lip(f(t,..) At?,
t€[0,T)

(5.20) < CAt2.

Following the proof of Proposition 5.4, if we take f € %,(0,T;W1>(Q)), E €
€1(0,T; ‘Kb{pe” (R)), and if we take the derivative in the sense of distribution, then,
using (3.1), we still have (with m € {0,1})

(5.21) T fll Lo 0,7 wmeoe @)y < Clfl|Los(0,mwm ()
(5.22) 1T flzoe 0,752 (@) < CllFIILoe o,miwm e (@)
and

(5.23) (T = T) fll e 0,72 (@) < CHIS b 0mmw1.2 (@)

As a consequence, Lemma 5.5 supplies the estimate
ITio T2 o Tuf(t") = To Ty 0 Tuf (") 1=(q) < Ch.
The estimate of Lemma 5.6 has to be replaced by

|Ti 0T o T f(t") — Ty o Ty o Tof(1")|| oo () < CAL (™ + h).

In order to justify this inequality we just have to show that Lip('ﬁ f(t™)) is bounded.
Indeed we have

Lip(71/(t")) = Lip(mf (1,2 = v34,v) ) < llm e Lip (2", ) < +oc.

Finally, we get all the desired a priori estimates by seeing that the stability result
(5.13) still holds. Then the proof of the theorem is the same as that for Theorem 5.1,
and we get

h
I1f = falle0.i0@) < C (At+h—|— At)

and

h
[|E = Ep|so 0,505 (o, L)) < C (At +h+ At) ~

Now if we take At ~ h® with 0 < € < 1, we get the desired result. In fact the best
to choose is 1/2 so that convergence holds with order 1/2. a
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Remark 5.9. Under the regularity assumptions fy € €5 (R, x R,), if there

C,pET g
exists an interpolation operator mj, that satisfies both a consistency condition such as

(5.24) If =70l e 0.0 (@)) < CH™ Il Loo 0. 05w m 10

and a stability condition such as

(5.25) 17 fll oo 0,7:20()) < (1 CRIfllL= 0,130 (@)

then our method can easily be applied to prove the convergence of high order schemes
in the L? norm and to find error estimates such as

" hm+1
= Jhlle>(0,T5LP(Q)) = ¢2(0,T;Wmt1r(Q)) A+
1f = full <o (Il ) (A8 ety 2

and

m+1
|E = Enlle0,m:2(0.))) < C ([Ifll20,m:wm+10(0))) (At2 + R 4 hAt > :
Unfortunately Lagrange interpolations of high order do not satisfy the stability con-
dition (5.25). Besides, it seems difficult but not impossible to build interpolation
operators 7, which satisfy both conditions (5.24) and (5.25).

If we use a Lagrange interpolation operator of high order, the discrete solution
fr(t") belongs to WP(Q). The numerical scheme consists of a succession of transport
and projection on the finite element space generated by the Lagrange finite element
of high order. The transport operation leaves the norm of the solution unchanged.
Then the scheme is stable if the interpolation operator 7, is stable, i.e., |74, < 1+
e(h) with limp,_,0e(h) = 0. Unfortunately Lagrange interpolation does not have nice
properties of stability. Let 7, ¢ be a translation operator such that 7, ¢ f, (t", ,v) =
™, 2 — 2,0 — &) = gn(t", x,v). Therefore g, (t") € WHP(Q), and we have

70 0 7o Fn ) oy = Ingn () o
< Mlgn () Loy + lmngn () = gn (™)l 1o ()
< Ngn@ M o) + ChIgn () wrn(g)
< Nlgn@ M o) + €,

since g (t")|yy1.0(q) ~ O(h™1) and with C independent of h and such that C' > 1.

We can also prove the convergence of our numerical scheme with noncompactly
supported initial data. If we take fy such that

fo € G per, NWEX N WEHR, x R,),

0<fo<(L+p))™* oVfoeLy (L),
and if we suppose that there exists a constant R > 0 such that

‘fo((E,’U) — fO(va)|
1z, v) = (y, w)|2

£(fo, R)(E) = sup{ vy 0.L], vow < .

(5.26) (2.0) # (g.w), Jv— € < R, [w—¢] < R} (14 [€]) € L% N L' (Re),
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where (z,v) € [0,L] x R and ||(z,v)]]2 = V&2 +v?2, the periodic Vlasov—Poisson
system given by (2.7), (2.8), (2.9), and (2.10) has a unique solution (f, E) such that

(5.27) 0< f(t,z,v) < (1+ v,
[ €6 (0,T; 6y per, "W NWHH(R, X R,)),
oV f, 9,f € L™ (0,T; LY (L)),
where the derivative is taken in the sense of distribution and
EcC" (0,T;%) per, (Ry)) -
In addition, there exists a constant C'(7) > 0 such that V¢ € [0, 7],

L(f(£), R+ C(T))(€)
— su |f(tﬂxvv)_f(t7va)‘
“p{ (@, 0) — (g, w)]

x,y € [0, L], v,w € xR,

(L@#@W%WHSR+ﬂﬂ,wﬂ§R+aﬂ}ﬂ+E)
€ L™ N LY (Ry).

Now we state the theorem.

THEOREM 5.10. Assume that fo € G per, N Whe nWhH (R, x R,), 0 < fo <
(14 |v))™, YA > 1 and that fo satisfies (5.26). Let a be such that 0 < a < A, and
suppose that the bound of velocity support R evolves as h=/*. Then (fn, En), the
numerical solution of the periodic Vlasov-Poisson system, converges towards (f, E),
and there exists a positive function pu such that limp,_o p(h) =0, and a constant C =

C(”fHLOO(O,T;le‘X’(Q))a Hf“L‘X’(O,T;Wl'l(Q))’ ”atf”L‘X’(O,T;L;O(L}J))’ ||”Vf||Loo(o,T;L;c(L5)))
independent of At, h such that

If = fallesso,m:10(Q) < C (At S ht (h+ph) Y 4 hA/a)
and
IIE' = Enlle= 0, (j0,L1)) < C (At + b4 (h+ p(h) =M + h*/“) ,

where At ~ (h+ p(h))Y/7, with o > 1.

Before giving the proof of Theorem 5.10, we need to establish the L' stability of
7y, by proving the following two lemmas.

LEMMA 5.11. Assume that 0 < fo(x,v) < ((x,v) ~ (1 + |[v])™*, for A > 1. Then
there exists a constant C, depending only on T, L, and fo, such that

(528) 0 < fh(taxav) S CCh(xv’U)a te [OaT]a (JC,’U) € Qa

where

1
Cn(z,v) = zk: mwk(%v)-

There also exists a constant C' > 0 such that

(5.29) fa(@)||lLr) <C, tel0,T].
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Proof. We begin with the transport in x. Let us notice that there exists a
constant R independent of h such that for every triangle T,, of the triangulation
Ty, there exists a ball B(a,, Rh) of center a,, and radius Rh which contains T,.
Let Ni be a vertex of triangle T),. If we consider transport in x, the origin of the
characteristic, z} = x — vy At/2, which ends at Ny, belongs to a triangle T}y,. Let
w(h) be a positive function such that limy_,o u(h) = 0. If N,, N,, and N, are the
vertices of the triangle T'x, we have

o, — vo| < 2Rh < 2R(h + p(R)) < 2Re(h),

[ug — vp| < 2Rh < 2R(h 4 p(h)) < 2Re(h),
and

lug, — vg| < 2Rh < 2R(h + p(h)) < 2Re(h),
where £(h) = h 4+ p(h). On the other hand, we note that

Cnlj,v;) _ (L4 o)) 1t
G30 L) ~ Gy =T OGRER, i={opa

Now, if we consider the transport in v, the origin of the characteristic v;, = vy —
E,(t"1/2) At which ends at Nj, belongs to a triangle T7%. If N;, N,, and N; are the
vertices of a triangle 177, as [ Ep||ye (o, 1,15 ([0,1))) 18 bounded we have

|vg —v;| < CAE,  |vg —vs| < CAE,  and |v, — vi| < CAE,

and then we have

Cnlxj,v5) (14 Jug)? s
(5.31) @ oe) (O o) <14 Cy(\R)AL,  j={i,s,l}.

If we set by = 1+ C1 (A, R)e(h), by = 1+ Cy(A, R)At, and b = b1byby, then we have

1 b0

S0 0) < G = T ol

and consequently
fn(0,z,0) <0°¢,(z,v).
If we assume that
Ia(t", op, vi) < O"Cnlwk, vi)
and consequently

fh(tnax7v) S anh(xv’U)a
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the numerical scheme gives for the first half advection with the respect to the variable x
Fu(E 2 g o) = P ) @k — ngﬂ)k .
p 2

Let T}, be the triangle which contains the origin of the characteristic coming from
the node Ni. Let N,, N,, and N, be the three vertices of T);,. Then we can write

tn+1/2 no n n
In( , Tk, V) _ In, .y Thp ey Inq 7
Ch(k, vi) Ch(wk, vi) Ch(wr, vi) Ch(Tr, V)
where
At
AL =1y <$k - 'Uk2,vk>
and

fra = @z, 0).
Using the property (5.30) of ¢;, and the property

Ao+ Ap+ A =1,
we obtain

a2 e 08) oy @0 v0) |y (@ vn) |y CalTesv) .
Ch (i, vg) =0 )\OCh(xk,vk) T P Cn (@, o) 0 )\th($k,Uk) < bib™.

In the same way for the two other advections we finally obtain

(@™ 2, vg)

<p"t) v N, € Tp.
Crlxg,vk)  — k h

For a finite time T and Vn € {0,...,T/At}, if we consider e(h) < At, we have
b< 1+ C(Cy1,Cy)At, b1 < exp(C(Cy,C2)T), and as in the continuous case there
exists a majorizing function of the discrete distribution

fr(t,z,v) < Clp(z,v) Vte[0,T], V(z,v)€ Q.

In order to prove (5.29), we note that

= ———— [ Yp(z,v)dxdv
/RC}L(337U)dJL‘dU Z (1 + |’Uk| /

B Z meas(Ayg)
(1 + Jog )

gc/i@oo. o
x (L [oD)?

Let A be the area associated with the node Ny and v € P;; then we have

|suppt|

meas(Ay) = /H%wk(x,v)dxdv = 3
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We introduce xg, the characteristic function defined as follows:

1if (z,v) € Ay,
0 otherwise.

(o) = {
Then we introduce the function g} (z,v) defined by

gp (2, v) = Z 9k (@k, V) Xk (@, V),
k

with
gh (Tr,v) = fr(t", zr, vg).
We note that

@)z @) = llgnllzr @)

Moreover, as for the proof of the Lemma 5.11, we can prove that
" T
Oggh(l‘ﬂ))SC’}/h(l‘ﬂ)) VTLE[O,N], N = E ) (x7v)€Qa

where

1
Vi, v) = % AT

a5

We notice that there exists another constant C' independent of h such that

0 <y, <O+ o)~
Now we state the lemma which shows the L' stability of the interpolation operator
" LEMMA 5.12. Let g € 6, N LY (Q) and 0 < g < C(1 + |v|)™*; then there exists a

positive function u, where limp,_,o u(h) = 0, such that

lmngllor @) < llgllerq) + n(h).

Proof. We have

L
lImngllor @) = ng/ / Yr(z,v)dedv = ngmeas(flk)
k RO k

:ng/ Xk(fvv)dxdv:/ ng)(k(:c,v)dxdv
k Q Q%

= lgnllz1(q)-
As

gn(@,v) < C(1+ o))
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and
lim g;, = a.e.
he0 gn g )

the dominated convergence theorem asserts that
lim —g|dxdv =0
h—0 /Q l9n = 9] ’

and as a consequence there exists a positive function g with limy_g u(h) = 0 such
that

/ lgn — gl dzdv < p(h).
Q
Then we deduce that
lmrgllLr @) — lgllr)| = llgnllLr@) — gl < /Q lgn — gl dzdv < p(h).

Finally we deduce that

lmngllr@) < llgller@) +w(h). O
Now we can return to the proof of Theorem 5.10.
Proof of Theorem 5.10. In order to prove the theorem we have to see how the a
priori estimates (5.16), (5.17), (5.18), (5.19), and (5.20) are modified and obtain the

same kind of a priori estimates in the L' norm.
As oV f, 8;f € L>=(0,T; L (LL)) the estimate (5.16) becomes

[ e = gy - a2, e
< CLAt <||8tf||L°°(O,T,LgC(L}})) + ||Uazf||Loc(o,T;Lgo(L},)))
< CAt,
so that we still have
|BE(t" T2 2) — B2 2)| < CA.
The estimate (5.19) still holds, but the estimate (5.18) changes into
V(") = V(") < C(1L+ o)A,
Then the estimate (5.20) becomes

ITi 0 T T3 17) = £ () | g < SR AL ). CD) )} AL

< CAt2,
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and in the L! norm we have

7o To Tif (") = £ (") 11 o)

L
S/ /‘f (t”,X(t";t"“,a:,v),V(t";t"H,a:,v))
o Jr

—f (t”,X(t”;t”H@,v), V(t”;t”“@,v)) ’dvdm

< [ [ {i0ee ~ s 10 - s |

(6 () € 0.1] x B, (0,6) # (g w), |t~ o, bw — o] < O(7)}
X H()Z’(t”;t"“,x,v),‘N/(t";tnﬂ,x,v))

- (X(t"; " 0), V(T v)) dvdzx

[#
L
< At2/0 /R[,(f(t”),C(T))(v)dvdx

< CA?,
where

tn+1
sup {|V (" t"", z,v) —v| |z € [0,L],v € R} < / |E(T, )| o dt
n
STEl poe o,y < C(T) < +00.
Then we conclude that the estimate of Lemma 5.3 has to be replaced by

|Ti0 Lo Tif(t") — f (¢"11) | < CAP.

[P

Following the proof of Proposition 5.4, if we take f € €,(0,T; W N W11(Q)) and

E € €40, T; %b{pe” (R)), then using (3.1) and taking the derivative in the sense of

distribution, we still have (with m € {0,1}, p € {1, 00})

T f |l Lo 0, 7w mp(@)) < CllfllLoe0,m5wm (@)

Hif”L‘X’(O,T;LP(Q)) < CHfHL""(O,T;W’"‘p(Q))’
and
(T — T0) Fllzeo.1:20(@)) < ChIIF ||z 0.0:w10(Q))-
As a consequence, Lemma 5.5 supplies the estimate

ITi 0 T o Tuf(t") = Ti o T2 o Ty f(t")|| 2 () < Ch.
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The estimate of Lemma 5.6 has to be replaced by

(5.32)

~ o~ o~ ~ o~ ~ 1
||,T1 0Ty o/Tlf(tn) —Tio ,T2* © ﬂf(tn)HLl*x(Q) < CAt (6” + m + h) >

where
e = ||f(tn) - fh(tn)HLl,oo(Q) .

The proof of Lemma 5.6 holds, except for the estimate of En+1/2( ) — E"t1/2(z) that
we slightly modify as follows. We rewrite

By @) = B ()

= [ Kt ([ [t - T v0)] ao) ay
/ K(z,y) </|<R [fh(t",yfv— v) ff( ,yfv— v)]dv)d

/ /|>R (z,y)f ,y—v— v)dvdy
/ /|<R (z,v) th(t",yf’u— v)ff( ,yfv— v))dvdy,

so that we get

n+1/2 =n n n
1B = B2 o,y < K e |z |1 £ (87) — £(E Mgt ()

+ K =1 e
(5.33) + CIIK =Bl o -

Thanks to assumption (5.27), for the second term of (5.33) we obtain

1
En+1/2 En+1/2H <C n hl.
H Lo ([0,L)) ot (1+R)* *

In order to finish justifying the inequality (5.32), we now just have to show that
L(T f(t",C(T)))(€) belongs to L>® N L. Indeed we have

LT, )€ = £(mf (12— v5E,v),C(D)) (©)
< lmnllz £ (F(E%), C(T)) (€) € L N LY.

Finally, thanks to Lemma 5.12, we get the L1'* stability of the interpolation operator
mp; that is to say, there exists a constant C' such that

wnfllpree < fllree +p(h) Vf € G (0,T;hper, N L' (Ry X Ry)) .
Then it is obvious that the estimate of Lemma 5.7 becomes

1T 0 T o Tu(F(t") = fa(t™))l| (@) < € + 3pu(h).
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As in the proof of the main theorem, a discrete Gronwall inequality enables us to get

h+ p(h) 1
n+1< 0
e < exp(CT)e +C’<At+h+ AL + ok

If we suppose that R = #’ a > 0, and since e is only a fixed interpolation error,
we obtain
h h
et <C (At+h+ %() +h*/a> :

Then the end of the proof is the same as the proof of the main Theorem 5.1, and we
get

h+ u(h .
I1f = frlles 01500 Q)) < C (At+h+ % +n >

and
h+ u(h .
|E = Enlle= (0,50 ((0,27)) < C <At +h+ % +hnY ) :
If we choose At ~ (h+ u(h))*?, o > 1, we get the estimates of Theorem 5.1. 0
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