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In this paper we consider the relativistic waterbag continuum which is a useful PDE
for collisionless kinetic plasma modeling recently developed in Ref. 11. The waterbag
representation of the statistical distribution function of particles can be viewed as a
special class of exact weak solution of the Vlasov equation, allowing to reduce this lat-
ter into a set of hydrodynamic equations (with the complexity of a multi-fluid model)
while keeping its kinetic features (Landau damping and nonlinear resonant wave-particle
interaction). These models are very promising because they are very useful for analytical
theory and numerical simulations of laser-plasma and gyrokinetic physics.10-16:56,57 The
relativistic waterbag continuum is derived from two phase-space variable reductions of
the relativistic Vlasov—Maxwell equations through the existence of two underlying exact
invariants, one coming from physics properties of the dynamics is the canonical trans-
verse momentum, and the second, named the “water-bag” and coming from geometric
property of the phase-space is just the direct consequence of the Liouville Theorem. In
this paper we prove the existence and uniqueness of global weak entropy solutions of the
relativistic waterbag continuum. Existence is based on vanishing viscosity method and
bounded variations (BV) estimates to get compactness while proof of uniqueness relies
on kinetic formulation of the relativistic waterbag continuum and the associated kinetic
entropy defect measure.
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vation laws; entropic weak solutions; kinetic formulation; plasma physics.
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1. Introduction

Vlasov equation is a difficult one mainly because of its high dimensionality. For
each particle species, the distribution function f(¢,r,v) is defined in a 6D phase-
space. Even the simplest (one spatial dimension, one velocity dimension) implies
a 2D phase-space. Can it be reduced to the sole configuration space as in usual
hydrodynamics? In that last case the presence of collisions with frequency much
greater than the inverse of all characteristic times implies the existence of a local
thermodynamic equilibrium characterized by a density n(t,r), an average velocity
u(t,r) and a temperature T'(¢t,r). A priori in a plasma the distribution function
f(t,r,v) is an arbitrary function of r and v (and ¢ of course) and phase-space is
unavoidable.

An alternative approach is based on a waterbag representation of the distribu-
tion function which is not an approximation but rather a special class of initial
conditions. Introduced initially by DePackh,26 Hohl, Feix and Bertrand® 3233 the
waterbag model was shown to bring the bridge between fluid and kinetic descrip-
tion of a collisionless plasma, allowing to keep the kinetic aspect of the problem
(such as Landau damping and nonlinear resonant wave-particle interaction) with
the same complexity as a multi-fluid model. Twenty years later, mathematicians
have rediscovered this property using the kinetic formulation of scalar conservation
laws. It was established in Refs. 19, 20 and 36 that scalar conservation laws can be
lifted as linear hyperbolic equations by introducing an extra variable £ € R which
can be interpreted as a scalar momentum or velocity variable. In Ref. 20 the author
proposed a numerical scheme, known as the transport-collapse method to solve
this linear kinetic equation and has proved, using BV estimates and Kruzhkov
type analysis, that this numerical solution converges to the entropy solution of
scalar conservation laws. This result was also shown in Ref. 64 using averaging

17,29,39,40 without bounded variation estimates. Soon after, it was shown in

lemmas
Refs. 61, 54 and 59 that, without any approximations, entropy solutions of scalar
conservation laws could be directly formulated in kinetic style, known as kinetic
formulation. Its generalization to systems of conservation laws seems impossible

5-7,21,55,65 where among others, the kinetic formu-

except for very peculiar systems
lation of multibranch entropy solutions has been developed. One of those systems
is the isentropic gas dynamics system with v = 3 for which, long time ago, the
link with the Vlasov kinetic equation was pointed out in Ref. 8 as the so-called
waterbag model. Let us notice that the multibranch entropy solutions have been
used for multivalued geometric optics computations and multiphase computations
of the semiclassical limit of the Schrédinger equation.*1 43,46

This paper deals with the electromagnetic relativistic waterbag continuum which
arises from the reduction of four-dimensional relativistic Vlasov—-Maxwell equations.
Usefulness and efficiency of this model have been recently shown in the context
of laser-plasma interaction'' where it has been used to recover Landau damping
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effect,?!%® Van Kampen modes propagation,2 63
shift of plasma waves® 27 and treat stimulated Raman scattering instability at the
saturation regime.1430:31,34,44 \[oreover, this model reveals to be very useful and
powerful to explain the formation of stable coherent low-frequency nonlinear struc-
tures such as KEEN (kinetic electron electrostatic nonlinear) and EAW (electron
acoustic-like) waves which appear in laser-plasma interaction at nonlinear stage
and persist in the long time dynamics. These modes which have been observed
in several simulations' 21435 can be viewed as a non-steady variant of the well-
known Bernstein-Greene-Kruskal* (BGK) modes that describe invariant traveling
electrostatic waves in plasmas.*® 4950 The ability of the waterbag model to supply
a scenario for the formation of coherent low-frequency structures is very promis-
ing and advanced research on this topic is under consideration. Let us notice that
the application of the waterbag model in magnetic controlled fusion, where plasma
gyrokinetic turbulence governs the energy confinement time, has provided satisfying
and hopeful results.!0-13:15,16,56,57
The paper is organized as follows. Section 2 deals with the derivation of the rel-
ativistic waterbag continuum from a four-dimensional relativistic Vlasov—-Maxwell
system. Section 3 is devoted to the proof of the existence and uniqueness of global
weak solutions of the relativistic waterbag continuum. Existence is based on the van-
ishing viscosity method which leads to the existence of strong solution sequences
of a regularized problem. Therefore, a priori bounded variation (BV) estimates are
recovered to obtain compactness of the solution sequences and pass to the limit in
the weak (in the distributional sense) formulation of the problem. Uniqueness of
weak solutions relies on kinetic formulation of the relativistic waterbag continuum
and the associated kinetic entropy defect measure which are equivalent to the weak
entropy solution notion. Finally, the kinetic formulation allows to make the link

nonlinear Bohm—Gross frequency

between the weak entropy solution of the relativistic waterbag continuum, and a
special class of weak solutions of the relativistic Vlasov—Maxwell equations with
kinetic entropy defect measure.

2. The Relativistic Waterbag Continuum

Since we want to describe the behavior of an electromagnetic wave propagation in
a relativistic gas with a fixed neutralizing ion background, we need to solve the
relativistic Vlasov—Maxwell equations. Even for a plasma plane wave propagating,
let us say along the z-direction, we have to solve a Vlasov equation for a four-
dimensional distribution function F' = F'(t, 2, ps, p1) with p1 = (py,p-):

. B
OF + p—8IF+q<E+ &) VpF =0, (2.1)
mry my

where m is the mass of the particles and ¢ = Ze is the signed electrical charge
with Z the number of charge and e the signed elementary electrical charge. The
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Lorentz factor v reads 42 = 1+ |p|?/(m?c?) where | - | denotes the Euclidean norm.
Furthermore, it is easy to reduce the four-dimensional relativistic Vlasov—Maxwell
equations (2.1) into two-dimensional Vlasov equation in the following way. Let
us consider the Hamiltonian of a particle in the electromagnetic field (E,B), in
the relativistic regime, for a one-dimensional system (x) (i.e. for the plane wave
propagation), 5 = mc*(y/1+ [P. — gA[2/(m2c?) — 1) + q¢ (rest mass energy,
mc?, has been dropped has it remains constant and plays no role here), where
¢ = ¢(t, ) is the electrostatic potential, A = A(¢,x) is the vector potential and
P. is the canonical momentum connected to the particle momentum p by P, =
p + ¢A. Choosing the Coulomb gauge (V - A = 0) implies that A = A (¢, z).
If we write Hamiltonian equation dzc = —V g7, where q = (z,y, z), then along

the longitudinal z-direction of propagation of the electromagnetic wave we have

dg_gr = —0,5¢, and for the transverse (y, z)-direction dzf = —Vgq,7# = 0. The

last equation means P.; = constant = Z.; and P., is no more an independent
variable but a parameter or a label. Therefore we can consider solution for the

Vlasov equation (2.1) of the form

F(t7$7pa:»PJ_) = / f(t7x7pa:a @cj_)(s(pj_ - PJ_(t7x7 gch_))dV(@cL)a
R2

where P (t,2,Z.,1) = P.1 — qA,, and v(dP.,) denotes an absolutely con-
tinuous measure with respect to the Lebesgue measure. The Hamiltonian of one
particle of transverse canonical momentum invariant &2., is given by 7, =
%(t,l‘,pm gch.) = mcz(’)'r(tvxvpm gch.) - 1) + q(b7 where ’Yr(tvxapm gch.)z =
1+ (2 +|PL(t,z, Z.1)|?)/(m3c?). Each set of particles of transverse canonical
momentum invariant &, is described by a distribution function f(¢,z,py, Pc1)
which obeys the Vlasov equation: d.f + [, f] = 0, for all £, € R?, where
[, Y] = 0p, @0z — 0pp0p, 1. Therefore the two-dimensional Vlasov equation
reads

atf + Pa 8wf+ (an: - L8I|PCJ‘|2>8pzf = 07 v‘@CJ— € R2' (22)
myy 2my,

If we now consider two Lagrangian foliations to be the families of sheets
pE(t,x,a,P.)), labeled by the Lagrangian label a € [0,1], where the waterbag
continuum p* (¢, z,a, ., ) are smooth functions, we define the distribution func-
tion f(t,,py, P ) such that

f(taxapra gZCL) = /0 du(a)(H(p_‘—(t’x’ar ’@CL) _pz) - H(p‘(t,x,a, ’@CL) _pz))7
(2.3)

where pi(da) denotes an absolutely continuous positive measure with respect to the
Lebesgue measure and H is the Heaviside function. Therefore the waterbag distri-
bution function (2.3) is a solution of the Vlasov equation (2.2), in the distributional
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sense if and only if

+
1
e (qu - —iaz|PcLl2> =0, Z. €R’ a€l01],
o 2m~yr

(2.4)

where y:F = v,.(t, z, p*, 2.1 ). The last Eq. (2.4) can be rewritten in the conservative
form

IpE+0.HE=0, P cR? ac|0,1], (2.5)

where H* = H(t,z,p*, P.1) = mc*(yF — 1)+q¢. The canonical transverse
momentum 2, is an exact physical invariant while the bag (p™ — p~)da is an
exact geometric invariant, which is reminiscent to the geometric Liouville invariant.

We now add the Maxwell equations which couple the waterbag continuum p*,
through the scalar potential ¢ and the vector potential A ;. The one-dimensional
wave-propagation model allows one to separate the electric field into two parts,
namely E = E,e, + E; = —V¢ — 0,A, where E, = —3J,¢ is a pure elec-
trostatic field which obeys Poisson equation, and E; = —d;A, is a pure elec-
tromagnetic field. In the absence of any external magnetic field, B is purely
perpendicular and is given by B; = V x A, . The other two Maxwell equa-
tions B + V X E = 0 and V- B = 0 are automatically satisfied. The
two others couple the waterbag continuum p*. The Maxwell-Gauss equation
becomes

_aid) = %(P - TL()), E, = _6z¢, (26)

where

p= /3 F(t7$7px»PJ_)dpJ_dpm = /3 f(t»x»pm gch_)dpa:dV(@cL)a
R¢ R

+

= /Old,u(a) /R2 du(gzu)/; dpa,
= /Old,u(a) /Rz AP ) pT(t w0, Per) = p~(tx,0, Per )}

Let us notice that we can equivalently replace the Poisson equation by the longitu-
dinal z-component of the Maxwell-Ampere equation to compute the longitudinal
electric field E,

1
WEy = ——J,, (2.7)
€o
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where
Jm - i &F(Lx)pzapL)dPLdpza
m Jrs 7Y
_ 9 Pz
- f(t7x7pa:a @cL)dpde(@cLL

m Jgs v (pes PL(t, 7, Per))

N
P Da

1
q
= — d a dV zgzc / d Ty
m/O u( ) R2 ( L) p- 'Yr(pm7PJ_(t7$7 gZCJ_)) P

1
_ 4 / dyi(a) / AP ) (H(E 20" (70, Pos ), Pos)
m 0 R2

- 'H(t,x,pf(t,x, a, f@cL)’ ycl)}-

The Maxwell-Ampere equation V x B = puo(J + €90:E| ) and the Maxwell-
Faraday equation 0;B; + V x E; = 0 can be combined to get the waves
equation

DPA | —20?A) = pody, (2.8)
where
Jl = i p_LF(L:x)pzapL)dpLdpz;
m Jrs 7Y
q PL(t7x7 f@cL)

f(t7x7pz7 f@cL)dpmdy(ﬂcL)y

m Jgs % (e, P12, Pc1))

+
p(t,x,a,P 1) dpa

—(t,z,a,P.1) lyT(pa:a PJ_(ta x, @cj_)) '

1
=L (Pt P) / dju(a) /

m Jrz2 0 p
If we now consider the canonical transverse momemtum measure v(dZ.;) =
ij\il (Per — Pei j)dPc1, then it means that the plasma is initially well
prepared so that particles are divided in M bunches of particles, each bunch
j having the same initial perpendicular canonical momentum ., ;. Choosing
w(da) = Zi\il 0(a — a;)da, means that the waterbag continuum is in fact a mul-
tiple waterbag.!! In the sequel, without loss of generality from the analysis point
of view, we choose v(dP., ) = §( L., )dP. ., which means that we consider a cold
plasma with no streaming effect in the transverse direction. Moreover, without loss
of generality we assume that the measure p(da) is absolutely continuous with uni-
form density equal to one, i.e. du(a) = da where da denotes the Lebesgue measure.
Moreover, as it is commonly done in plasma physics, we assume that the posi-
tion space is the one-dimensional torus of sidelength L, namely T; = R/(LZ). We
also assume that p € R and a € [0,1]. We note D = Ty, x [0,1], Q = [0,T] x D,
Q=1[0,T|xTr,D =TrxR, Q=[0,7]xD and ¥ = [0, 7] xDxR. Since the problem
is posed on the one-dimensional torus in space, the Maxwell-Ampeére equation (2.7)
should be modified by adding on the right-hand side of Eq. (2.7) the current average
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over one period L. To complete the system, we need to add the initial conditions
pE(t = 0,2,a) = pi(z,a), AL (t = 0,z) = AY (z) and A (t = 0,2) = Al (z).
After classical normalization, the dimensionless relativistic waterbag continuum
pT = p*(t,r,a) and the electromagnetic field (¢, A | ) satisfy the readily obtained

relativistic waterbag equations (RWB)

opt 4+ 8, H(t, z,pt) =0, (2.9)

8,52AJ_ —BﬁAL = _AJ_pry7 (210)

B, = —0,0, —0%0=p—1, (2.11)

OB, = —J, + l J(t, z)dz, (2.12)
L),

where

H(t,z,p) = ~(t,z,p) — 1+ ¢(t,z)

= V/14+p2+|AL(t2)]2+ ot z) — 1, (2.13)
pt(t,x,a)

S (t, ) /da/ - 'ytacp) (2.14)

p(t,z) = / da(p*(t,z,a) — p~(t,z,a)), (2.15)

pt(t,z,a)
=(t, ) /da/
(t,z,a) 'ytxp)

= [ aatptts 2t ) Mt e}, (16)
0

with the initial conditions p*(t = 0,-,-) = pg(,-), AL(t = 0,-) = AY(-), and
KA L (t=0,-)=Al().

3. Existence and Uniqueness of Global Weak Solutions

In this section we will show existence and uniqueness of global weak solutions
of the relativistic waterbag continuum (2.9)-(2.12). To achieve this aim, we first
show the global existence of strong solutions of a regularized problem. Afterwards,
we establish a priori bounded variation estimates on the solution sequences which
allow to pass weakly to the limit in the regularized problem to obtain weak solutions
of the system (2.9)-(2.12). Therefore we can state some remarkable properties of
the obtained solutions such as the preservation of the order. These properties give
a supplementary information on the structure of the solution, especially on the
monotonicity of the waterbag continuum with respect to the a-variable. Finally
we use kinetic formulation of the system (2.9)-(2.12), which is equivalent to the
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weak entropy solutions notion, in order to establish a L!-stability property of the
solutions with respect to their initial data and show uniqueness of the global weak
solutions. We complete the study by showing the link between the weak entropy
solutions of the relativistic waterbag continuum that we have obtained and special
class of weak solutions of the relativistic Vlasov—-Maxwell equations with kinetic
entropy defect measure.

3.1. Global existence for a regularized problem

We first introduce a regularization of the system (2.9)-(2.12) by substituting to
Eq. (2.9) its viscous regularization

opT + 8, H(t, x, pt) = ed?p™, (3.1)

where the parameter ¢ > 0 stands for a viscosity. Before going further, let us define
some functional spaces. Let us first define the vector-valued Lebesgue space L2 such
as L2 = L? x L?. We next introduce the Hilbert space

V ={peL*D)|dp € L*(D)} = L*([0, 1]; H'(T1)), (3.2)
equipped with the scalar product
1 1 1
(olv = [ (e thmyda= 3 [ 1026.000) 1o, do.
0 =0Jo
and the norm |[¢|ly = /{¢,¢)v. The dual space of V is the Banach space V'
defined by®°?
V' =L*([0,1); H 1(Ty)). (3.3)

Let us note that V C L*(D) C V' and that V is dense in L?(D). Therefore we can
introduce the space W(0,T) defined as

W(0,T) = {p € L*(0,T:V); dip € L*(0,T5V')}. (3.4)
Using the definition (3.4) of the space W(0,T'), we have the following theorem.

Theorem 3.1. (Global strong solutions) Let us assume that p= € L*(D), A9 €
L2(Ty) and A} € L?(Ty), then the system (3.1) and (2.10)—(2.12) has a unique
global strong solution
p* € €(0,T; L*(D)) n W(0,T), 35)
€ €0, T;L*(TL)) and A, € €(0,T;L3(Ty)). '

The proof of Theorem 3.1 relies on a change of unknowns related to the waterbag
continuum, classical results concerning linear parabolic equations,®® the Banach
fixed point theorem, energy estimates and Gronwall lemma. Even if the proof
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of Theorem 3.1 is rather classical, for the sake of completeness, it is outlined
in Appendix A. We next establish a global strong existence result when pat €
L?N L>(D).

Theorem 3.2. (Global strong solutions) Let us assume that p= € L*> N L>(D),
and AY, AY, A} € L2 NL>(Ty), then the system (3.1) and (2.10)~(2.12) has a
unique global strong solution
p* € €(0,T; L*(D)) N\ W(0,T) N L=(Q),
¢ €C0,T; LA(TL)) N Wh>(Q) and AL € %(0,T;L3(Tr)) NWhoo(Q).

Moreover, we have

t
1% ()|l L0y < 195 |2 (D) +/0 dr{[|0:9(T)|| Lo (r1) + [0a A L(T)|[Loe (11 }-
(3.6)

In Theorem 3.2 the prime notation in the expression A9’ stands for the partial
derivative with respect to the xz-variable. The proof of Theorem 3.2 relies on the
truncation method of Stampacchia,?? 38
Although quite classical, the proof of Theorem 3.2 is outlined in Appendix B for
the sake of completeness.

energy estimates and Gronwall lemma.

3.2. A priori bounded variation estimates

In order to pass to the limit as the viscosity € tends to zero in the weak formulation
(in sense of distribution or in 2’) of the regularized problem we need to obtain a
priori bounded variation estimates independent of the parameter ¢ which will lead
to the compactness property of the solution sequences. We establish the following
theorem

Theorem 3.3. (BV estimates) Let us assume that pt € L> N L NBV(D), and
A AY AL e L2NL>* NBV(TyL), then the system (3.1) and (2.10)(2.12) has a
unique global strong solution

pt € €(0,T; L*(D)) nW(0,T) N L>®(Q) N L>=(0,T; BV(D)),
¢ € €0, T;LAT))NnWhH>(Q) and AL € €(0,T;L*(Ty)) N W (Q).

Moreover, there exists a constant Cgy independent of €, but which may depend on

195 18v(D)s [1PE L (@) 102 ALl (0)s 1A lBvery), IAY [Bv(r,)s and [|AY [[sver, )
such that

1% | Lo (0,7:Bv(D)) < CBV.

Proof. Let ¢, € ¢5°(R) be a convex regularization of the modulus function
which converges uniformly to | - | as h — 0 and satisfies || < 1. Let (pF, ¢; :=
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dpil, AL = AL[ps]), with i = 1,2, be two solutions of the system (3.1) and
(2.10)—(2.12) with initial conditions (poii,A(Li,Ali) for i = 1,2. The notation
¢[p] (respectively, A | [p]) with p = (p~,p"), means that the electrical potential ¢
(respectively, vector potential A ) depends on p through the source term of the
Poisson (respectively, Ampere) equation. In other words, this notation is used to
stress the fact that the electrical potential ¢ (respectively, vector potential A | ) has
to be seen as an integral operator acting on p or a map from p € L*(0,T;1L%(D))
into L>(0,T; L?(D)) (respectively, L>°(0,T;1L?(D))). We then set p* = pf — pF,
¢ =¢1—¢pand A = A 1 — A 5. If we multiply Eq. (3.1) by (), (p™), after
integration we obtain

da [ Gt + / da [ oG )0 (1) ~ 0.7* (p2)

/da/hdxgh )02 0D —5/ da/hdxc )0=pE 2. (3.7)

Since the (}, is convex, the second term of the right-hand side of (3.7) is nonpositive.
Since the operator 9,¢[-] : L' (Ty) — L*(Ty) is bounded in L' and [} | < 1, we have

dt

1
/ da [ dzc,(*)0.0lp]
0 Ty,

< Kzrery) x Loy (lpr =22 ooy + 1ot = p3llepy),  (3.8)

where K (z,y) = —0,G(z,y) and G € W1°°(T%) is the Green function of the one-
dimensional Laplace operator with periodic boundary conditions. Using integrations
by parts, and the identity

7 (pF)pToupT = 0, / ¢/ (s)sds,

we obtain

/0 i /T Az )@ (1) — 07 (p2))
= [jan ] o (T m)/g
o e ) o
oo f 0 'ALg'Q 2 ) / T
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Let us first estimate the first term of the right-hand side of (3.9). After expanding
the z-derivative and using obvious estimates we obtain

/da/dx@( p1+p2 )/C )sds
TL pl +’7 p2

/da/ dz {2|10,pF| + 2|0upt | + |0, AL 1|+ |0.A L 2|}/ ¢l (s)sds

(M) (IpEllpvip) + 1193 I8v(D) + 102 AL 1llrcr,) + 102AL 2llLicry))s
(3.10)

where

[ e

In Eq. (3.10), we have used the fact that, for ¢ = 1,2 ||8zp,?:HLl(‘D) =
pr||L1(071;Bv(1rL)) < HP?EHB\/(D)7 since for a.e. t € [0,T], p(t) € V (see defini-
tion (3.2)). For the second term of the right-hand side of (3.9), after integrating by
parts, expanding the z-derivative, using obvious estimates and [(},| < 1 we obtain

2 2
/da/ dz 9, < Av = AL 2' )/ ¢/ (s)sds
T, YE(p1) + 7 (

“f ] e ('Ailiﬂ“f'f)%@*ﬂs

<3(

= Csup
peR

(o) T 10z AL 2llLe o)) 1AL 1 — AL 2flLiry)
+2([0,AL 1 — AL 2lLi(ry)

+ AL~ a0y (IpE lBvipy + 195 Bv(D))- (3.11)

Now using d’Alembert integral representation formula, we obtain
AL 1 — ALl
<|AY 1 =AY sl HEIAL L = AL Slluiry)

t
2157 (@) + 19T (@)t / drl| AL —

(Tr)

t
T / dr (197 = p3 ey + It — pF 1o (3.12)
and

||8zAL,1 -

(Tw)

< IAY 1 — AV plluir,) + AL — AL sllaery
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t
+wpnum@y+mﬁnpq@)é(hHALJ—-A;ﬂqu>

t
+ [y = p3 o) + 167 = 95 o). (3.13)
Using a Gronwall lemma, Eq. (3.12) leads to

AL 1— AL 2llLir,)

262(|lp7 | oo (o + 1 || oo 0 0
< 2t Ulpy oo @) Iy Lo (@) 1A — A Slluiery)

t
+t|AL - AL sl +t/0 dr (Ipy —p3 2oy + P _p;Ll(D))>'
(3.14)

Substituting estimates (3.8)—(3.14) into the addition of Egs. (3.7), after time inte-
gration, we get

/ deda G (p7 — py) + / dada Cu(pt — p?)
D D
S/ dxda(h(pal—pSQ)—F/ da:da(h(pgl—pﬁb)
D D

+C{||AOL,1 - AOL,QH]Ll(’JI‘L) + ||AOL/,1 - AOL/,QH]Ll(’JI‘L) + ”AlL,l - AlL,QH]Ll(TL)

t t
+/ dr(|lpy — p3 (o) + pf_p;Ll(D))} +C/ dr e(h)
0 0

t
+ch/ dr (|AL 1 — Ay olliory +€(h)
0

(Ilpy IsviD) + P2 I8vo) + Ip IIBV(D) + [P35 IBV(D)), (3.15)

where C? is a purely numerical constant,

C = C(t, [p¥llz=(q): 10 AL 1 lL=(0): 102 AL 2]l (s)),
C:

C = 8(“8$AJ-,1

‘L‘X’(O,T;Ll(h)% HaocAL,2||Loo(o,T;L1(1rL)))7

and C is nondecreasing in time. Let us introduce the translation operator 7, defined
as follows. For any z = (z,, 2,) € R?, for any functions f € BV(D) and g € BV(T})
we define 7.f := f(- 4+ zp,- + 24) and 7.g = g(- + 2z,). Now we set pf = p*,
Py = TP, poy = Py i = Tpg. ALl = AL, AL, = AL A =AY,
A8_,2 =7.A9, Aﬁ_’l = Al and Aﬁ_’z = 7,A . Dividing inequality (3.15) by |z|,
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passing to the limit in inequality (3.15) as h — 0 and using a Gronwall lemma we
obtain
I7.p™ —p ey | 7™ =Pl
|z] |z]

o { I —pollwry |, I7=pd — Pl o)

E ||

o[ ImAl - ALl |, ImAY - AYluay | AL - Allua
12 E E
b oollmAL — Al _
+Ch/o i H (Il Isvep) + I IBvim)) ¢ (3.16)

After taking the supremum in z € R? in (3.16) we obtain

I~ Isvp) + I * lBv(D)

< BCt{pEBV(D) + o vy + CUIA lver,) + IAY |Bver,)

t
+ |AL lBver,))] +Ch||8wAJ-||]L°°(Q)/O dr ([lp~ llBv(p) + p+||BV(D))}' (3.17)

Finally using again a Gronwall lemma, estimate (3.17) leads
P~ I 0,r:8v (D)) + 2T I 0,78V (D))
< CBV(T7 Hpg”BV(D)v ||A8_||BV(TL)7 ||A8_/HBV(TL)7

AL lBvers ), 1P (@), 102 A LllL=(a))
which ends the proof. O

3.3. Global weak solutions

We are now able to prove the global existence of weak solutions for the system
(2.9)-(2.12). We have the following global existence theorem

Theorem 3.4. (Existence of global weak solutions) Let us assume that p(jf €
L2 N L>* N BV(D), and AY, AY, A} € L2NL>*NBV(T.), then the solution
(pZ, ¢, AL L) of the system (3.1) and (2.10)(2.12) has a weak limit

pT € €(0,T; LP(D)) N L>=(Q) N L>=(0,T;BV(D)),
¢ € €(0,T; LP(T1)) N WH>(Q) N L®(0, T; W2 (Ty.)), (3.18)
A, €40, T;LP(TL)) N Whee(Q) N L0, T; WHH(TyL)),

for all p € [1,4o00[, which satisfies the system (2.9)—(2.12) in Z'(Q) (in sense of

distribution).
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Proof. Since p* € L>(0,T;BV(D)), 0.¢. € L>=(0,T;L*T.)) and 0,A . €
L*(0,T;1L3(TyL)), we have

{aa:pét S LOC(Ov Ta Mb(D))7

3.19
Op¢e € L(0,T; Mp(T)) and 9.AL . € L>(0,T;My(TL)), (319

where My(K) is the space of bounded Radon measure on K, and M, = M, x
M, Using (3.19) and since |0, HZ| < |p| + |0:A L | + |0:0:], we get O, HE €
L>°(0,T; My(D)). Since My(D) — W=P(D), for p € (1,5%5) and § € (0,2),
the sequence {—e02pF + 9, HE} is bounded in L>°(0,T; W~'=%7(D)) and using
Eq. (3.1) we have {9;pF} € L>(0,T; W~1=%P(D)), which means that there exists
a constant C, independent of ¢ such that

IpZ () = p= (Mlw-1-s0(p) <Gt = 7|, Vi, 7>0. (3.20)
Since BV(D) < W!'=%?(D), for p € (1, 3%5) and § € (0,2), we get

IpE(t) — pZ(T)lwr-sw(p) < IIpE(t) — pE(7) BV (D) < 2CBV, (3.21)

where Cpy is independent of . Using (3.20) and (3.21) and the interpolation
inequality [|v||ysrp) < CIHU||%,;{’,SYP(D)Hv||‘§[,_1_5,p(D), where o € (0,1) is chosen
small enough, and s = 1 — 20 — § > 0, we then get |[p=(t) — p=(7)||w=r(p) <
Cz(2Cpv)'~7C7|t — 7|7, which means that the sequence {p¥} is bounded in
€7 (0, T; W*P(D)) for all T < oo with 1 < p < 325 < H% Therefore, noting
that the Sobolev embedding W*?(D) — LP(D) is compact, the Ascoli’s theorem

implies that
{pF} is compact in €(0,T; LP(D)), VT < cc. (3.22)

Let T < oo be fixed, using (3.22), we can extract a subsequence {p?ﬂ} (with e, — 0,
as n — +00), still noted {pF} such that

+ _, 5E in TP
{ps P (0, T; LP(D)), (3.23)

pf — pt ae onQ.

Therefore, using a diagonal extraction procedure, we can get a subsequence still

noted {p=} such that (3.23) holds for all T < oo. Now, since ;A . and 9, A | .

belong to L (0, T;1L%(T.)) there exist two constants K, and K. independent of &
such that for all ¢,7 > 0,

{ALa(t) — AL (T)|leery) S K Jt =7,

(3.24)
[AL(t) = ALe(T)lm(r,) < Ke.

From space interpolation result [W%4(Ty), W"4(Ty)] = Wort(=9)0.4(T ) for
0, v € R, o € (0,1), ¢ € (1,00), and using (3.24) we obtain |[AL-(t) —
AL (Dlmr-oer,) < KzKIT7KZ|t — 717, which means that the sequence {A .}
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is bounded in €7 (0,T;H!~°(T)). Since the Sobolev embedding H!~7(T.) —
L2(Ty) is compact, the Ascoli’s theorem implies that

{A .} is compact in €(0,T;L*(Tz)), VT < oc. (3.25)

Let T < oo be fixed, using (3.25), we can extract a subsequence {A . } (with
en — 0, as n — +00), still noted {A | .} such that

{ALE — A, in €(0,T;L3(Ty)), (3.26)

A, .,— A, ae onQ.

Therefore, using a diagonal extraction procedure, we can get a subsequence still
noted {A .} such that (3.26) holds for all T < oo. Assuming T' < oo fixed, by
linearity of the Poisson equation (2.11) and since G € L*>(T, x Tr) we get

1llz0,m;eer)) — elleomeeny| < ¢ — delleo, ooy

< CL||G| oo (ry, x1) IP* = DE 6 (0,700(71 )

which means that

{¢s — ¢ in %(O7T; LP(TL))7 (327)

¢ — ¢¢ a.e.on (.

Therefore, using a diagonal extraction procedure, we can get a subsequence still
noted {¢.} such that (3.27) holds for all T' < co. Moreover, we have

1pE L)y dellne), ALl < oo (3.28)

The bounds (3.28) and (3.23) imply that (3.23) is true for p € [1,+oo[. Using
(3.23) and (3.26)—(3.28), the Lebesgue dominated convergence theorem implies that
HE — H* in LP(Q) and thus O, HX — 9,H* in 2'(Q) (in the distributional
sense). In the same way properties (3.23), (3.26), (3.28) and the Lebesgue dominated
convergence theorem implies that A | .p,. — Aip, in L'(Q), hence in 2'(Q).
Using (3.23) and (3.28) we have p= — p* in 2/(Q), hence d;pF — dyp* in 2'(Q)
and €02pF — 0 in 2'(Q). Using (3.26) we have 02A | . — 0?A in 2'(Q) and
O?A | . — 0?A in 2'(Q). Therefore the limit point (p*, ¢, A | ) is a weak solution
in 2'(Q) of the system (2.9)—(2.12).

Now, let us prove that p* € L>(0,7;BV(D)). Since {pf} € L*>(0,T;
BV(D)) and p; — p* in L=(0,T;L},. (D)), we obtain |[p*||r=(mpv(p) <
liminf. g ||p2:HL(x>(O,T;BV(’D)) < Cpy < oo. Now, let us prove that ¢ € L>(0,T}
W2Y(TL)) and Ay € L>(0,T;WY(Ty)). Since p* € L>(0,T; L'(D)), using Pois-
son equation (2.12), we get ¢ € L°°(0,T; W21(TL)). If ® € 65°(TL) x €5°(TyL)
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then, from d’Alembert integral representation formula, we get

/T dz0,A L - 9,® < (JAY [sveey) + 1AL lsvers) )1 Bllocry)
L

+% /Otds/olda/hdx(F(&x-l—(t—s),a)—F(&x—(t—s)»a))'awq)

< (1AY llsvers) + 1AL IBv(r,) + CTlIF | Lo 0,750 0,18v(r L)) ) 1@ llLoe (1)
(3.29)

where

dp.  (3.30)

P (s.2E(t=s).a) Al(s,z£(t—s))
F(smﬂ:(t—s),a)z/ -
p~(s,zE(t—s),a) \/1 +p2 + |AL(57x + (t - 3))|2

Now we have to check that F' € L*(0,T; L*(0,1;BV(T.))). Using Eq. (3.30) and
obvious estimates we obtain

mwF —F=F(s,x£(t—s)+h,a)— F(s,z+(t —s),a)
<2(lmp~ | + Imp DI AL = AL+ [p” = p7 |+ lmpT —p 7,
and thus
I70F — Fllz= .11 (0)) < P2 (Ip7 Iz @) + 1P Iz @) 1A Ll L0, 7:8v(r))
+ P~ o0, m;BV(D) + ||p+||L°°(O,T;BV(D))7

which proves (3.29). Finally using (3.29) we obtain

(9zAL . (9Z(I) dx
Tr

<K (Hpi”L"O(O,T;BV(D)a

/ O2A, - dr
Tr

||ALHL°°(0,T;IBV(TL))a HAOL/||BV(TL)7 ||A1L||BV(TL)) ||(I)||]L°°(TL)7

which proves that A € L>(0,T; W21(Ty)). m|

Remark 3.1. Using integral formulation of Poisson (also Ampere equation) and
waves equations, and regularity of the weak solution of Theorem 3.4, in the
same spirit (by duality argument) of the end of the proof of Theorem 3.4, we
can show that 92, A, 0?A, € L>(0,T;L*(T.)), hence 9,A; € WH(Q) and

02.¢ € L*(0,T; LY(TL)), hence 9,6 € WH1(Q).

3.4. Order preserving solutions

In this section we establish some order or monotonicity properties satisfied by the
weak solution. We have the following theorem.
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Theorem 3.5. The global weak solutions of Theorem 3.4 are order preserving in
the sense that for any a, b € [0,1] we have

pOi('7a) Sp(:)t(’b) :>p:t('7'7a) Spi(""b)7 (331)
sign(,pT) = sign(dap™), (3.32)
sign(pg(-, a) - pE('a b)) = Sign(p+(-, * a) - p_(" * b)) (333)

Proof. The proof is based on the Crandall-Tartar theorem concerning relations
between nonexpansive and order preserving mappings.?* Let us set @+ = p{t — péﬁ =
pE(t,z,a) — p*(t,x,b), vt = 9,p*, and p = pT(t,z,a) — p~(t,x,b), then using
Eq. (3.1) we obtain

+
05" + 0, (% ai> — %, (3.34)
7w+
p:t
Ow® + 0, (—i wi> = edw™, (3.35)
v
. T(a) +p~(b) ~> _
Oup+ On (p— = c0%p. 3.36

Let us treat the case of Egs. (3.34) which lead to the property (3.31). The other two
Egs. (3.35) and (3.36), which lead respectively to the property (3.32) and (3.33),
can be treated in the same way. Let (;, € 65°(R) be a convex regularization of
the modulus function which converges uniformly to |- | as h — 0 and satisfies
¢/ | < 1. If we multiply Eq. (3.34) by ¢} (@) and integrate in space variable z,
using integration by parts we obtain

d [ o) - [ arg@e. (M~i)—a JRCICERRAE
dt T, ’71 +’72 Tr

—/ dx Oy, <p1 +p2 )/ ¢/l (s)sds
Ty W+

< e(m)(IpY |l z=(o.r:Bv(D)) + P2 L0, 1BV (D)) + [102A LllL~ (),
(3.37)

IN

where ¢(h) — 0 as h — 0. Passing to the limit in (3.37) as h — 0 we obtain

d~+

gHw lLreryy <0, (3.38)
which, after time integration, is equivalent to

”pi (t7 * a) - pi (t7 * b)HLl('ﬂ‘L) < ||p6t(7 a) - Pgt(n b)HLl(TL)' (3'39)

If we now define the operators 7= : LL(Ty) — LL(Ty) by 7*pE = p*, obviously
T+ are mapping in L!(Tz) which conserve the integral, and are nonexpansive
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in L1(Ty) thanks to property (3.38) or (3.39). Therefore using Proposition 1 of
Ref. 24 the operators 7+ are order preserving in the sense that properties (3.31) is
satisfied. O

Remark 3.2. Let us note the fact the evolution operators 7= : LL(T.) — LL(Ty)
are nonexpansive in L (T) does not imply a contraction principle in L (D) for the
waterbag continuum p*. The nonexpansiveness property involves the same solution
p*, with the same initial data (leading to the removal of electromagnetic field
comparison terms in Egs. (3.34)—(3.36)), and gives a supplementary information on
the structure of the solution, namely the monotonicity of the waterbag continuum
with respect to the a-variable. On the contrary the L'-contraction principle should
compare two different solutions in Ll -norm, with two different initial conditions.
While a Ll -contraction principle would have been useful to show uniqueness, as it
usually done for hyperbolic conservation laws, here we need to establish a stability
property with respect to the initial condition to show uniqueness. In fact, in the
case of “weakly” (i.e. by the means of a mean field, for instance the electromagnetic
field) coupled system of first-order conservation laws, new source terms (including
comparison terms between fields) arise and convert the L!-contraction principle
into a L'-comparison principle leading to the L'-stability property of the solutions
with respect to their initial data (see Theorem 3.7).

3.5. Uniqueness of solutions

In this section we show uniqueness of the global weak solutions whose existence
have been proved in Theorem 3.4. To prove uniqueness of the global weak solutions
of the system (2.9)-(2.12), we should perform a Kruzkov’s type analysis!® 47:48,66
based on Kruzkov’s entropy inequalities with particular entropies n(-) = |- — £,
the so-called Kruzkov’s entropies. Nevertheless, for heterogeneous scalar conserva-
tion laws Kruzkov’s analysis uses Taylor expansion ingredients and thus requires
high regularity assumptions of heterogeneousness both in time and space, typically
twice continuously differentiable flux functions in time and space. Roughly speak-
ing, our flux functions H*(-,-,p) are such that 9, H*(-,-,p) are at most in W'
for all p € R. In order to show uniqueness with lower regularity assumption, we
could try to use the concept of measure valued solution introduced by Diperna.2® 62
Nevertheless the lack of regularity information of Young measures with respect to
the space variable makes this method more difficult to use. Finally the kinetic for-
mulation of conservation laws developed by many authors in Refs. 59, 61, 54, 55,
60, 25, 19, 20, 21, 36, 64 and 65 yields a simpler framework for showing uniqueness.
Even if measure-valued solutions using Young measures tool are closely related to
kinetic formulation,® this latter tool deals with simpler topological objects such
that essentially bounded functions instead of Young measures. The fact that kinetic
formulation is an efficient way to prove uniqueness result is now well known but
not in the context of coupled systems like here. To the best of my knowledge there
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is no result concerning “self-consistently”-coupled hyperbolic conservation laws, i.e.
when temporal and spatial inhomogeneities of the flux functions depend “weakly”
of the main unknowns through a mean field (for instance the electromagnetic field
(¢, A 1)) which itself satisfies a set of partial differential equations, involving the
main unknowns for the definition of their source terms. While kinetic formulation
usually allows to show uniqueness in a general L!-regularity framework, here the
case of coupled systems leads to the estimate of new comparison terms, including
comparison terms between fields (terms (3.75) and (3.79)—(3.81) below), for which
BV regularity of the main unknowns is required. Moreover, the kinetic formulation
formalism allows to make the link between the weak solution of the relativistic
waterbag continuum and the relativistic Vlasov—Maxwell equations with kinetic
entropy defect measure. The following uniqueness proof is based on the ideas devel-
oped in Refs. 25, 60, 59 and 54.

3.5.1. Entropy solutions and kinetic formulation

Let us first recall the notion of entropy solution introduced by Kruzkov4™:4® for

the relativistic waterbag continuum system (2.9)-(2.12), which allows to recover
uniqueness of weak solutions. Let n:R — R be a convex function which is twice
continuously differentiable. Multiplying (3.1) by n(pZ), we obtain

On(pE) + Ouq(t, x,pE) — (0:0)(t, z,pF) + 1/ (pT) (O H) (L, z, p¥)
= c02n(pE) — en (pF)[0:0E 1%, (3.40)

where
+

Pe
ot pE) = / 7 (9)O,H(t, z,p)dp,
k

+
Pe
(0eq)(t, 2, p) = /k 1 ()92, H(t, . p)dp,

with the Hamiltonian H, given by Eq. (2.13). Using (3.23) we have d;n(pE) —
om(p*) in 2'(Q). From (3.23) and (3.26) we get 9.q(t,x,pT) — 0.q(t,z,pF)
in 2'(Q). Using (3.23) and (3.26)—(3.28), the Lebesgue dominated conver-
gence theorem implies that n'(pF)(0.H)(t, z,pE) — 7' (pT)(0.H)(t,z,p*) and
(0:q)(t, 7, pF) — (0:q)(t,x,p%) in 2'(Q). Moreover, we have £9?n(pF) — 0 in
2'(Q). Finally using the convexity of the entropy 7, we can pass to the limit in
(3.40) as e — 0 to obtain the following entropy inequality in 2'(Q)

Om(p®) + Oea(t,,p™) — (00q)(t, 2, pF) + 0 (p¥) (O H)(t,2,p™) < 0. (3.41)

Definition 3.1. The triplet (p™, ¢, A ) satisfying regularity assumptions (3.18)
is an entropy solution of the system (2.9)-(2.12) if it is a solution of (2.9)-(2.12)
in 2'(Q) (whose existence has been proved in Theorem 3.4) and if it satisfies the
entropy inequality (3.41) in 2/(Q) for all convex function 1 € €?(R).
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Before going further, let us define the function x:R? — {—1,0,1} as follows:
x(&p):=1,if 0 < & <p, x(&p) = —1,if p <& <0 and x(p) := 0 other-
wise. The first theorem establishes the equivalence between the entropy solution of
Definition 3.1 and the kinetic formulation of the relativistic waterbag continuum
system (2.9)—(2.12).

Theorem 3.6. Let the triplet (p*, ¢, A1) be a global weak solution of the sys-

tem (2.9)-(2.12), given by Theorem 3.4 which satisfies regularity properties (3.18).

Then it is an entropy solution if and only if there exists non-negative measures

m*(t,x,a,p) such that m*((0,T) x D x R) < +oo for all T > 0, and such that

kinetic functions x(p,p™) satisfy the following kinetic equations in 9' (%)
Oix (P, p™) + Vo (Fts 2, p)x(p,pT)) = Sym™*(t,x,a,p) + 6(p)S(t, z,p),
X(p, pE(t = 0)) = x(p, 95,

while the electromagnetic field (¢, A ) satisfies Eqs. (2.10)—(2.12) in 2'(2), where
the source terms (densities of charge and current) are given by

dp
5 (t, ) /da/ (p,p") — x(p.p ))'77(1571',}9)’
pmxwaédgéu@mﬂ—x@mvmn
Jo(t, ) =/0 daA(x(p,p+) —x(p,p™))0,Hdp.

In the above we have used the following notations F = (]-},fp)T, Fr = OpH,
Fp=—0.H(Vap - F=0), and S(t,x,p) = Fp.

(3.42)

Proof. Theorem 3.6 states the equivalence between the system constituted of
Egs. (2.9)—(2.12) and inequality (3.41) in &', whose existence of solution endowed
with regularity properties (3.18) have been proved in Theorem 3.4, and the system
constituted by Eqs. (3.42) and (2.10)—(2.12) in 2. Since equations for the electro-
magnetic field remain identical in both formulation, i.e. especially Egs. (2.10)-(2.12)
are satisfied in 2'(Q), it remains to show the equivalence in 2'(Q) of Eqgs. (2.9)
and (3.41) on one hand and Egs. (3.42) on the other hand. For this purpose we
define the distributions m™, which are solutions of (3.42), and we show that the
* are non-negative and locally bounded if and only if (p*, ¢, A} )
is an entropy solution characterized by Definition 3.1. Let us first define m*.
Since pt € €(0,T;LY(D)) N L=(Q), F € L>*(Q), and for ae. (t,z) € Q,
S(t,z,-) € €2°(R), we can define the distributions m* as

7fwamm:@/'@m @+a/ (€95 Fult 2, €)de

distributions m

+ Fp(t,z, p)x / 5(&)S(t,x,€)de. (3.43)
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By taking the distributional derivative of (3.43) with respect to p-variable, we obtain
(3.42) in 2'(X). If we multiply (3.42) by 7'(p), with " € Z(R), integrate with
respect to p, we obtain

8t77(p:t) + axq(t,x,pi) - (830(])(157.’1},}7:‘:) + nl(pi)(aIH)(tvxvpi)

=- /R 0" (p)m*dp, (3.44)

where we have used the identity
[ O =0~ 60, VpeR, VOEWLT®),  (349)
and the fact that

/ (6@)S (2,01 (0) + 7" (D)X (. p5) F }p

= =1 (p™) (0 H) (8, 2, ™) + (9ua) (t,2,p). (3.46)

Now let us prove that (p™,$, A|) is an entropy solution if m* > 0 are locally
bounded measures. We assume that m®* are non-negative measures on 3 such that
[y, mEdtdzdadp < oo, for all T > 0 and we set B = max(B~,B") with B :=
[P (@) < oc. In short, we want to extend (3.44) from 1’ € Z(R) to n € €*(R)
and convex, so that convexity of 7 and non-negativity of m* lead to (3.41). To
this aim, we first extend (3.44) for all n € €*(R) subquadratic, i.e. such that n”
is bounded. If n € €*°(R) is subquadratic, we truncate n with a cutoff function
v € 65°(R), such that ¢(p) = 1, for |p| < 1, and ¢(p) = 0, for |p| > 2. We set
vr(p) = ©(p/R), nr = ner. Therefore ngp € Z(R) and (3.44) is satisfied for ng.
Now for R > B, we have nr(p*) = n(p*) and qgr(t,z,p*) = q(t,z,p*) for a.e.
(t,z,a) € Q so that (3.44) holds in 2'(Q) when we replace the right of (3.44) by
— [ mf(p)mEdp. It remains to notice that nf, = ne” (p/R)/R*+ (2/R)n'¢' (p/R) +
17" o(p/R). Since ¢(p/R) monotically converges to one, and thanks to the bounds on
1", we can pass to the limit as R — oo to obtain [p n”orm®dp — [, n’m*dp. In
a similar way the contribution of the first two terms vanishes in the limit R — oc.
Equation (3.44) is then true for all n € ¥>°(R) subquadratic. Similarly Eq. (3.44)
can be generalized to all functions € ¢?(R) convex and subquadratic by mollifying
n and passing to the limit, thanks to the bounds on 7, m* and p*. Let us now
release the subquadratic constraint by assuming n € %?(R) and convex. Since
B* < oo, we can change the values of 7(p) for large p to obtain a subquadratic
function 7 as follows. If we set M = sup‘p‘SB | (p)|, we then define the €-convex
subquadratic function f) such that 77/ = inf{n’, M} and 7 = n for |p| < B. We
then have n(p*) = 7(p*), v’ (p*) = 7 (p*) and q(t, z,p*) = G(t,z, pT) a.e. in Q, so
that (3.44) holds for 7. The convexity of 7 implies that — fR 7" (p)m*dp < 0, hence
entropy inequality is satisfied.

Conversely, let us prove that if now (p*, ¢, A ) is an entropy solution, then m
are non-negative locally bounded measures. If n € ¥°°(R), is a convex function, such

+
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that 1 € Z(R), then by comparing (3.41) and (3.44) we have [ 7" (p)m*dp > 0.
Nevertheless, there is no function 5 such that n” = ¢ where ¢ is a non-negative
function in %4 (R). Thus once again, we can change the values of ¢(p) for large p
to construct such a function. To achieve this construction, we have to study the
behavior of m* for large p. In fact for |p| > B, Eq. (3.43) becomes 0;p™ + 9, H =
m®T. If we compare this latter equation with Eq. (2.9) we obtain that m*™ = 0
in 2'((0,T) x D x (R\[-B,B])), hence m* are locally bounded measures. If we
now take ¢ € 2, (R) and define n € € such that n”/ = ¢, then 7 is a convex
function. If we now construct 7 € Z(R) by multplying n with a cutoff function
which is equal to one over the interval [—B, B], then n(p*) = i(pT), o' (p*) = 7 (p*)
and q(t,z,p*) = §(t,,p*) on Q. Moreover, Eq. (3.44) (respectively, (3.41)) holds
for 7 (respectively, n), and [, ym®dp = [, 7"m*dp. Using these properties, the
comparaison of (3.44) and (3.41) leads to

/ﬁ”midp = / n'm*Tdp = / emTdp >0, Yee 2, (R),
R R R
which means that m* are non-negative measures on X. O

Remark 3.3. According to the equivalence Theorem 3.6, existence of entropy
weak solutions (cf. Definition 3.1) for the system constituted of Eqgs. (2.9)-(2.12)
and inequality (3.41) in 2’, implies the existence of kinetic solutions for the
system constituted of Eqs. (3.42) and (2.10)—(2.12) in 2’. The existence of
entropy weak solutions with regularity properties (3.18) have been proved in
Theorem 3.4. One could also prove directly existence of kinetic solutions for
Egs. (3.42) and (2.10)-(2.12), and use Theorem 3.6 to deduce existence of entropy
weak solutions for Egs. (2.9)-(2.12) and (3.41). To this aim, we can use the ideas
developed in Refs. 60, 59, 54 and 25 which follow the Boltzmann approach to classi-
cal gas dynamics (hydrodynamic limit as the mean free path is vanishing). The pro-
cedure would start by studying the global strong solutions of the Vlasov—Maxwell
equations constituted of field Eqgs. (2.10)—(2.13) and kinetic transport equations

OfE+Vap (FEIVL H) + M E =g +h, with]= (_01 é) . A>0,

(3.47)

and where the source term g& = g*(¢,z,a,p) is a given function and h = —(9,'H)
(t,2,0). The coupling between field equations (2.10)-(2.12) and kinetic trans-
port equations (3.47) are obtained by the definition of the following charge and
current densities p, = foldafde (ff* = f)/v p = foldafR dp (fT — f7), and
Jy = folda fR dp (f*— f7)0,H. The superscripts & and the parameter a can been
seen as parameters describing different species of groups of particles in the plasma.
Existence of the global strong solutions can be obtained in two steps.3” The first
one consists in reducing the problem to estimate the decrease of f*(¢,z,a,p) when
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|p| — oo by using a priori bounds on distribution functions (LP-norm, energy, ... ),
their first velocity moments (charge and current densities), fields (using integral
representation formula for the fields) and their derivatives, the method of char-
acteristics, the construction of a fixed-point application associated to an iterative
scheme in time, classical arguments of compactness and Cauchy sequences. The
second step consists in obtaining the decrease of f(t, z, a, p) with respect to momen-
tum p at infinity (or the control of the p-momentum supports of f*, i.e. supports
of f* should remain compact if initially they are) from a priori estimates and the
method of characteristics or the method of propagation of moments and dispersion
estimates.?® Afterwards Eqs. (3.47) allow one to build new kinetic equations which
are obtained by setting g* = X\ x(p, p* (t, 2, a)) with p* (¢, 2,a) = Jr fE(t, 2, a,p)dp,
and can be viewed as approximations of kinetic equations (3.42). Existence of global
strong solutions for these new kinetic equations can be achieved by using a Banach
fixed-point theorem. These new kinetic equations can be interpreted as BGK-type
relaxation models towards the equilibrium y(p, p*) where the relaxation parame-
ter A plays the role of a collisional frequency. The main problem is then to prove
that Eqgs. (3.47) admit solution of the form f*(t,x,a,p) = x(p,p*(t,2,a)) when
the source term takes the form —\f* + g* = —\(f* — x(p,pT)) = 8pm>j\E while
passing to the limit as A — oo. Therefore Eqs. (3.42) are obtained by passing to
the limit in the BGK-type relaxation models (3.47) as the relaxation parameter A
tends to infinity (hydrodynamic limit). The passage to the limit relies on strong
compactness argument in L' (Ascoli’s theorem, BV bounds or time and spatial
equi-continuity in L' and uniform spatial equi-integrability). This way of proving
existence of kinetic solutions for Eqs. (3.42) and (2.10)—(2.12), yields rather lengthy
and tedious calculations than those of the alternative which consists in proving
existence of entropy weak solutions of Eqs. (2.9)-(2.12) and use the equivalence
Theorem 3.6.

3.5.2. Kinetic entropy defect measure properties

The kinetic entropy defect measures satisfy the following properties.
Proposition 3.1. The measures m* defined in Theorem (3.6) satisfy

(i) (Total mass of the measures):¥Y'T >0

/ m*(t, z, a, p)dtdzdadp
b

< -p5 Il 2y — /E (0.H)(t, z,p)x(p, p™)dtdzdadp.  (3.48)

| =

(ii) We have
T
/ dt/ mE(t, x,a,p)dxda < i (p) € LFE(R), (3.49)
0 D
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where L (R) is the set of bounded functions which vanish at infinity and

1 (0) = Lpzoll (05 —p)+llLr(m) + Lp<oll @y —p)- 1 (m)

+ (1020 )| Lo () + 102 A L || Loe@)){(E,w,0) € Qs s.t. p* > |p[}].
(3.50)

(iii) We have mi(t, z,a,p) =0, forp > SUD (¢ 3.0)cQ pt and p < inf; ».a)cQ pE.
iv) If we consider a domain O of Ry x D, then m* = 0, on O whenever p* €
(iv) +

¢ Nwhi(0).

Proof. In fact, since m* =0 in 2/((0,T) x D x (R\[-B, B])), inequality (3.44) is
true for all convex function n € €2(R). If we now write Eq. (3.44) for n € €*(R) a
non-negative convex subquadratic function such that 1(0) = 0, then n(p*(t,-,-)) €
LY(D) for all t > 0. Integrating Eq. (3.44) on Q, using (3.46) and the periodicity of
S with respect to the z-variable we obtain

/ '™ dtdadadp < / () + / (7 (©)5(0) + 1" ()x(p, p*)) Fydtdzdady
> D >
< / n(pE) - / (O H) (b 2, p) (p)x(p. p* )dbdedadp.  (3.51)
D >

If we take 1(p) = p?/2 we obtain (3.48).

Using (3.48) with Kruzkov’s entropy n(p) = (p — po)+ (respectively, n(p) =
(p—po)—) with pp > 0 (respectively, py < 0) yields n'(p) = H(p — po) (respectively,
1'(p) = —H(po — p)), 0" (p) = (p — po) (respectively, 1”(p) = 6(p — po)) and

T
/ dt/ m*(t, z, a, po)dtdzda
0 D

< l(py = po)+llL1(p) +/Z(H(p—po)5( )+ 6(p — po)x(p, p*)) Fpdtdadadp

< ltpg — po)+ll1(p)
+ (1028l L @) + |102A Ll L (@) {(t,x,a) € Q; s.t. [p™| > |pol}-

For negative values of pg we use the same argument with entropy 7(p) =
(p — po)—. Therefore we obtain the upper bound (3.49) and (3.50). Let us
note that pZ(p) vanish at infinity, thanks to the Lebesgue dominated con-
vergence theorem, hence pi € L(R). Notice also that pE € LY(R) and
using (3.50) we get |if sy < 25 oI5 1) + THm(@)- T

prove (iii) we choose n(p) = 0 for p < sup(t,z,a)egp and strictly convex for
D> sup(t7m7a)€Qpi. Therefore using (3.51) we get [y, n”m*dtdrdadp < 0 which
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means that m* = 0, Vp > SUD(; ;)@ PT- Similarly we choose 7(p) = 0 for
p > inf ,0)e0 p* and strictly convex for p < inf (; 4.a)eq ™. Therefore using (3.51)
we get [, n"m*dtdzdadp < 0 which means that m* = 0, Vp < inf(t’x’a)eri.
Finally property (iv) results from the fact that (3.41) is an equality for p* €
¢ NWwhi(0). |

3.5.3. Uniqueness

The proof of uniqueness is based on the regularization by convolution of the
kinetic equations (3.42) in order to use the chain rule. We then define four mol-
lifiers ¢* € Z(R), ¢* > 0, with o € {t,z,a,p}, such that [, (*(u)du = 1, ¢“
is even, ¢* is odd, and supp¢® C [-1,1]. If we note z = (z1,22) = (x,p), we
define (.(t,7,p,a) = (,(t)Ce, (x)CEP (P)Ce, (@) = (e, (D) Ce. (2)Ce, (a) With e, = £,€2,
and where (. (o) = e;'¢(*(a/cs). In the following we will use the notations

f:t = fi(t,x,p,a) = fi(tvzva) Xi = X(p7pi(t7.%',a)), fs:t = X(pvpi) * Ce,
and m* = m* * (..

Before proving the uniqueness we need to establish a technical lemma and
proposition.
Lemma 3.1. The kinetic functions fF satisfy in 2'(%)
O+ Vap (F(t,w,p) f2) = Opm (t, 7, 0,p) + (8(p)S(t,7,p) % ¢ +RE,  (3.52)
where lim. o RE =0 in L (X) for all T > 0. Moreover, for all ) € 2(Q) we have

loc

/ mE(t, 7,0, p)(t, 7, a)dtdeda < 2llieigy  sup ik, (E).  (3.53)
Q {& Ip—£&|<ep}

Proof. Since we have taken the convolution product of the kinetic equations (3.42)
by (. we get

RE =V (Flt,z,p)fE(t,2,p,a)) — Vayp - (Flt,z,p) fX(t, 2, p,a)) % (.. (3.54)

If we multiply (3.54) by the test function ¥ € Z(X), integrate the obtained results
over X, use integration by parts with respect to z-variable and use the fact that (,,
(e, are even and (. , ¢/ are odd, we obtain (RE ) = (Vap - (F)FE, )+ (LE, 1),
where

LE(t,z,a) = / dt'dz'da (F(t,z) — F(t',2")) fE(t, 2, d)

R4
Vol (t—t,z— 2 a—d).

Since V, - F = 0, we get RT = LZF. Let us now make the following decomposition
LE =L+ £F2) where

L£E! :/ dt'dz'da’ f=(t',2,d')(F(t,z) — F(t', 2))
R4
Vol (t—t,z2—2a—d), (3.55)
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£ / dt'ddd fE(, 2, d ) F () - F(£, )
R4
'szE(t_t/az_zlaa_a/)' (356)

Let us first estimate (3.55). We define the compact set I, = Ky x K, C Q, the
compact set K, C [0,1] and K = K, x K. Therefore, using some change of variable
and Taylor expansion with integral remainder, we have

1
1€ sy < W oy [ dds [ da [ avda =
Kiz Ka R2 €z

/R A (F(t, ) — F(t', )Gl (t — ')

X

Ceala = a)|(V2Ce)(z = &)

1K [
< e IVl '/dT did
€z 0 Kz

. / dueu|¢t(u) |0y F(t — 7, 2)|
|ul<1

6 z
< €—t||VzC 21 @) 10 F Il ezt l1ug (u) [ 1wy, (3.57)

where the compact set 7! = Kt x K, tends to K¢, as ¢ — 0. Since F €
LY (R,,Wh1(Q)) (see Remark 3.1), if we choose £, — 0, and & — 0 such that
/e, — 0, then lim. o L' = 0 in L (2). Let us now deal with the term (3.56).
Using Taylor expansion with integral remainder, the term (3.56) can be decomposed
as follows £F2 = £F2! + £F22 where

2 1
L = Z / dt’dz’da'/ dr(0, Fi(t', 2" + (2 — ') — 0., Fi(t', 2))
R4 0 ’ '

ij=1
(2 =2 fE(, 2, )Vt —t, 2 — 2 a—d), (3.58)
2
£ =% | dt'ddd' 0. Fi(t',7)
ij=17R* !
(2= 2 fEW, 2, d )V Gt —t, 2 — 2 a—d). (3.59)

Using some change of variable we obtain for the term (3.58),

2 1
||£f’21HL1(1C) < Z / dT/ dt/ du/ da/s dt’ dz'
0 s lul<1 Ka Kit Ks?

ij=1

. / da' | ||u - VuC* (w)| |0y Fi(t', 2 + e.7u)
Kse 7
- (923_.7:1-(25/, zl)|<€t (t - t/)Csa (a - a,)

2
< lu- Vul (W)llzro) Y wicses (92, Fisez), (3.60)

ij=1
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where we define the modulus of continuity wr(g,h) = sup, <, 9(-- + 2) —

g(-, )|l L1 (k) for any compact set K C Q and function g € L*(0,T; whl®)).
Notice that the compact set Kit* = Ki* x K= tends to K;, as e — 0. Since
F € LY(R,, Wh1(Q)) (see Remark 3.1), we have lim._o £Z?! = 0 in L] (¥). Let
us now deal with the term (3.59). We first show that 5}22 is bounded in Li (X).

Since F € L(R,, W1(Q)) (see Remark 3.1), we have
2
1£5%2]| pa ) < Z [+ Vol (W)]| 11 0y [ FE | oo () 102, Fil 11 (k0. ) < 0.

In order to conclude we just need to observe that lim. .oLF?2 = -V, -
(Fi(t,2))fE(t, 2,a) = 0in LL (X), when f* and F are smooth, by using the parity
of function (%, and integration by parts. Indeed the general case follows by density
argument using the above bound. Finally we have proved that lim. .o R. = 0 in

L{ (2). Let us show the estimate (3.53). Using convolution properties we obtain

'/ mét(t7x7aap)¢(t,x,a)dtdxda,
Q

THey
tza
L20Y * Ceppn llLoe®3y [1€P | L1 (m) sup / dt/ dx/ dam™* (t,z,a,p+ cpu)

<2|¢llr=@)  sup /fﬂa(@
{& |P*5|§5p}

which ends the proof of the lemma. O

A fundamental property of the kinetic entropy defect measures m* saying that,

roughly speaking the measures m* vanish at p = p*, is given in the following

lemma

Proposition 3.2. For all test function ¥ € Z(D x R,,) we have

T
| [ w0 0,000, 0.p)dtdodadp — o (3.61)
R3
as € — 0, where v¥ = vF x (., with vt = 6(p — pT(t,x,a)).

Proof. The proof relies on the comparison between |f*|? = |y*|? and |f*| =
sign(p) f= = [x*| = sign(p)x*. We define sign, (p) = sign(p) * (. and g= = sign, fZ.
Multiplying (3.52) by sign, gives

8tgf +V.- (]—"gf) = signsﬁpmsi + signngt +[(6(p)S(t, z,p))*]sign, + sign's]-'pfsi,
while the multiplication of (3.52) by 2fF leads to

OufE + V. (FIE) = 2fX0,mE + 2fFRE + 2[(6(p)S(t, 2, p)) * ) f2.
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For all functions ¢ € Z(D x R,,), and for all ' > 0, we have

[ @) = (1) (3.62)
= [ UF 0 - g 0)pdzda (3.6)
T
+ / / (fE — g5)F - V.gpdtdzda (3.64)
0 JR3
T
—|—/ mZE (sign’ (p) — 20, f5)ydtdzda (3.65)
0 JR3
T
+ / mZE (sign, (p) — 2fF)pydtdzda (3.66)
0 JR3
T
+ / RE(2fF — sign.(p))ydtdzda (3.67)
0 3

R
T
s [ ] CREEWSE ) G sl ) didzda (369
0 JR3

T
- [ [ sieno) (@), » Gl (3.69)

Since sign’(p) = 26(p) * (. and 9, fF = (3(p) — vF) * (., we get sign’(p) — 20, fF =
2vF for the term (3.65). We now choose ¢ = ¢g(x,a,p) = Ax)Br(p)0(a), with
e P(TL), 0 € 2(0,1)), Br € Z(R); Br = 1, if [p| < R, and Br = 0, if |p| > R+1,
0 <|BR| < C. Weset p(x,a) = M. Using (3.53), the term (3.66) can be estimated as

T
/ m (sign, (p) — 2f%)pfldtdzda < 3C|o| L= g2) / BET ()dp,
0 R3 R

where hi'(p) = (Iir,r+1(p) + ﬂ[—R—l,—R}(P))SUP{g;|p75|g1},u%+1(§)- Since
hE T (p) B2 0 for ae. p € R (recall that ,uéFH € L) and |hET| <
SUP (¢ |p—e|<1} u¥+1(f) € LY(R,), the Lebesgue dominated convergence theorem
implies that limg fR hljéT(p)dp = 0. Now, since pT, 9,6, and 9,A, € L>(Q)
we have

/ (s )| (8, 2, p) | dbdedadp < oc. (3.70)
>

Using property (3.70) and from the fact that

11_11%9;[ - Slgn(p)fi = |Xi| in Llloc(z)v
E (3.71)

. 2 2 N
lim £ = f5 = x¥| in Li(%),
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the terms (3.62)-(3.64) vanish as ¢ — 0, thanks to the Lebesgue dominated
convergence theorem. Using the properties

S(p)S(t,x,p) * po =% S(t,2,0) in LL (),
R. =% 0 in L} (¥) (Lemma 3.1),
sign. (0)[(8(p)S(t,z,p)) * ¢:] =% 0 in L (%),

loc
the terms (3.67)—(3.69) vanish as ¢ — 0. Finally, using Lebesgue dominated con-
vergence theorem we can pass to the limit as ¢ — 0 in (3.62)—(3.69) to obtain

e—0

T
0< lim? / mEVE (L, 0, plordtdedadp < 3C| @l 1~ me) / BET (p)dp.
0 R3 R

The above and Lebesgue dominated convergence theorem allows one to pass to the
limit as R — oo to get the desired result. O

We are now able to prove the uniqueness of the global weak solutions of
Theorem 3.4, thanks to the L'-stability result stated in the following Theorem 3.7.
Let us note that the “self-consistently”-coupled waterbag continuum leads to the
estimate of new terms (more precisely terms (3.75), and (3.79)—(3.81) below) involv-
ing comparison between electromagnetic fields generated by each solution.

Theorem 3.7. (Uniqueness) The global weak solutions of Theorem (3.4) are
unique. Moreover, if (pii,gbi,ALi) with © € {1,2}, are two solutions then there
exists a constant Ct such that

Ipy (T) = p3 (D) 21y + [l (T) = p3 (D)l L3 ()
< CT{IIP& _p(?zHLl(D) =+ ||p8—1 _p8—2||L1(D) =+ ||AOL/,1 - AOL/,QHLl(TL)
+ HA(i,l - A(i,2||JLl ALee(Ty) T ”AlL,l - All,z”JLl AL>(TL)}>
with the notation || - ||Liqpe = || - lur + || - [|Le, and where, for i =1,2,
Cl:=CN(T,L, | AL illL=(0), |02AL, illLe (@), 105 oo (@) 1D || Lo 0,758V (D)) )-
Moreover, we have
[61(T) = d2(T) || Lr(ry)
< Gllpreryyxrocrpyillpr (T) = pa (D)) + Ip1 (1) = p3 (D)l 1)}
and
AL (T) = AL 2(T) L)
< CHT, L 1Y | =@ 195 = @) {IAY 1 — AL allrr)
+1AL = AL ol + IpT — 23 e,y + 1P — 13 20,7500 (D)) }-
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Proof. Let us set fi = ch,i = X(p,p;-t) x (- and mE = m x (g, for ¢ = 1,2.
Therefore we get

Q(fE — [E)2+ Vo (P — f5)) — Ve (F - R) )
+2fs,1vz ((F1 - ]:2)fs,2) = 2(fs,1 - :2){610(”1:1 - msi,2)

+ (Rs,l - RE,Q) + (6(p)81(t,1’,p)) * CS - (6(p)82(t,1’,p)) * Cs} (372)
Let us construct ¢ = ¢p € 2(R3) as follows: Yr = Ar(x)0(a)Br(p) where 0 €
2([0,1]) is such that 0 < 6 < 1. The function g is chosen as in the proof of
Proposition 3.2. We choose A € Z4(R) such that A(z) = 1 for |z| < 1 and we set
Ar(z) = AMz/R). Multiplying Eq. (3.72) by ¥, we obtain after integration

| UEA(T) = £50) P ndadady (3.73)
- /D R(f;a(m ~ F£,(0))*¥ndedadp (3.74)
/ [Fa( %) = (FL — F2) 5] - Vapdtdzdadp (3.75)

DxR
i / /D N mE,) (12 — 1%5)0, ¥ ndtdzdadp (3.76)
—2 /0 /D XR(mil—miz) W(f25 — 125 ndtdadadp (3.77)

T

+2 / (RE, — RE)(fE, — f5)rdtdadadp (3.78)

DxR

49 / /D B0)8(1.9) e~ () (1,2,)) #

(f2 = ) ¢rdtdedadp (3.79)

—2/ / fsil Fo) §2)w3dtda:dadp. (3.80)
DxR

As in the proof of Proposition 3.2, using the Lebesgue dominated convergence
theorem and the property (3.71) we can pass to the limit first as ¢ — 0 and secondly
as R — oo in the terms (3.73)—(3.74) to obtain

/D () = FE D) Pdadady = [ (T) - pE () 2o

/ |foi1 - f3[2|2dxdadp = Hptj)tl _p(j)[2HL1(D)-
DxR

Since F; € L>(Q) and psiﬂ- € L>(Q) for i = 1,2, the Lebesgue dominated conver-
gence theorem allows to pass to limit in the term (3.75), first as € — 0, secondly
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as R — o0, so that the term (3.75) vanishes. The term (3.76) can be estimated as
follows:

T
= / / (mE, — mE,) ([ — ££)0yvndidudadp
0 DxR

<c [ (1) +nE5 ) ar

R—oo

where hﬁ? (p), for i = 1,2, have same form as h . Since hﬁ{(p) 0 for a.e.

p € R and \hﬁﬂ < SUPge; |p—g|<1} ujTEf_l(f) € L'(R,), the Lebesgue dominated con-
vergence theorem implies that the term (3.76) vanishes as R — oo. Using Lemma 3.1
and Lebesgue dominated convergence theorem the term (3.78) vanishes as e — 0,
V R > 0. Using property (3.70) and Lebesgue dominated convergence theorem we
can pass to limit as € — 0, VR > 0 in the term (3.79) so that it vanishes. Now since
8pf§i =d(p)xC—0(p —psi,i) * (., for i = 1,2, using positivity of the measures msiﬂ-
we get

)

T
—2/ / (mg[1 —miz)ﬁp( ;[1 — Ei,z)ledtdxdadp
0 JDxR

T
<2 / / {mZ,0(p — pEy) * G + mZ,0(p — pEy) * (rdtdadadp,
0 JDXR

which vanish as ¢ — 0, VR > 0, thanks to Proposition 3.2. Using integration by
parts, the term (3.80) can be decomposed as

T
_2/ / feﬁV' (F1 — f2)f§2)¢3dtdmdadp
0 JDxR

T
_9 / / (A5 15(F — Fo) Votn + [25(F1 — Fo) - Ve fE0n ) didzdadp.
0 DxR
(3.81)

Since F; € L*°(Q) and psi,i € L>=(Q) for i = 1,2, Lebesgue dominated convergence
theorem allows one to pass to the limit, first as € — 0, secondly as R — oo in the
first term of the right-hand side of (3.81) so that this latter term vanishes. For the
second term of the right-hand side of (3.81) we get

T
2/ / fsj,ZQ(f]- - f?) : szsfledtdedadp
0 JDxR

T
< 2/ dt/ drdadp | dt'dz’da’C.(t —t',z —2',a —d',p—pE(t', 2’ a’))
0 DxR R3

: f§2(t7z7a)¢R(x7pa a)[azpit(ﬂ)x/)al)(fm,l - fm72)(t,x,pf(t/,x/,a'))

+ (fp,l - fP»Q)(t7x7O) - (}-p,l - fp,g)(t,x,p%(t/,x/’a/))}
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T
tra
<2 / N0uE 5 ol 0) | Ft — Forall oy
0

T
+4/ dt/ dzda sup |Fp1 — Fpol(t, x,§)
0 D £ER

T
< 2||pF || o< 0.7,V (D)) / | Fat — Fe2llL=(o)dt
0
T
—|—4/ dt dx sup |Fp1 — Fp.al. (3.82)
0 Ty, £eR

In the above we have used the fact that

tra

:t ra
110207 [ CeraallLoe 0,730 (D)) < NOePT|* Cevll o (0,7501 (D))
< IpF |z 0,7,8v(D))-
Using d’Alembert integral representation formula, and a Gronwall lemma we obtain

Hfa:,l - fm,2

Le=(D)
<AL 1= AL 2lLe(ry)

< |AY 1 =AY sllieeqr,) + AL, — AL,

172t7 [F
— | = dr(||A — A
+2{L-‘/0 (AL 1,2

+[(py[P1] = py[P2)) AL 2llL1(T,))

‘]LW(TL)

e () oy [Pl Lo cry)

- +
< 6% [%—I (le I‘LOO(O,T,Ll(D))+‘Ip1 ”LOO(O,T,Ll(D))JF‘”HAL,2\|Loo<o,T,u_1(1rL)))

m |2t
: {A(i,l =AY Slluee(ry) +HIAL L — AL e, + 3 [f-‘

AL 2

t
e [ dr (ot =z llco) + It —p;pm))}. (3.83)

Using (3.12) and (3.13), we obtain

/ dx sup | Fp1 — Fp2l
Tr £eR

<Kl prrpysre(re) Py —p2 o) + IpT — 3 [l (o))
+(H89:AJ_,1

o) + |02 A L 2lLee())[AL 1 — AL 2

lLi(ry)

AL 2llLe@ IOz AL 1 — AL 2|lLi(T,)
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<K zrerycp=crny(lpr =2 leroy + lpf = p3llio))
+CH P (@) 1AL

Lo (@), [0z A L, illL=(0))

’ {All,l - AlL,QH]Ll(TL) + HA(i,l - A(i,zHWM(TL)

t
+ /0 dr (lpy = py llero) + ot —pJIILl(m)}- (3.84)
From estimates (3.73) to (3.84) we get
Ipy (T) = py (D) 1y + [l (1) = p3 (1) L2 ()

< CH(T, L, |pE|| e (@) 1P | o 0,7:8v(0)s 1AL illLoe () [0 A L i[lLow(02))

: {||A8_,1 - A(J)_,QH]Ll AL (T.) T HAlL,l - AlL,zHJLl AL (Ty)

T
+AY = AT sl +/0 dt ([py —pa o) + ol _p;Ll(D))}

+lpo1 — Po2llr () + g _p(J)rQ”Ll(D);

which ends the proof by using once again a Gronwall lemma. O

3.6. Return to the relativistic Vlasov—Mazxwell equations

The global weak entropy solutions of the relativistic waterbag continuum
(2.9)-(2.12), are linked to special class of weak solutions of the relativistic Vlasov—
Maxwell equations with kinetic entropy defect measure as follows.

Theorem 3.8. The system (2.9)-(2.12) is equivalent to the relativistic Vlasov—
Mazwell

Of +Vap- (Ff) =0,m, (3.85)
with kinetic entropy defect measure m defined by
1
m(t, z,p) = / (m*(t,z,a,p) —m~ (t,2,p,a))da,
0

and where
1
f(tmc,p):/(x(pm*)—x(pm*))dm
0

Fo=0,H, Fp=-0,H, H=1+p?+]AP+¢—1
In the above equations the waterbag continuum p* are the unique weak entropy
solutions of the system (2.9)—(2.12) given by Theorems 3.4 and 3.7, or equivalently

(3.86)
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are such that the kinetic functions x(p,p*) and the kinetic entropy defect mea-
sures m* satisfy the kinetic equation (3.42) of Theorem 3.6 in 2'(X). The Viasov
equation (3.85) is coupled to electromagnetic field equations

1
(02 =024+ p)AL =0, —-9p=p—1, OE,+J,= 7 Jo(t, z)dz,

Tr
By = =00,
where the charge and current densities are defined by
[tz p) pf(t,z,p)

Py = Jy = dp, p=/f(t,x,p)dp-
T e 11 p2 +|AL|2 R \/1+p2+]AL2 R

Moreover, the mass

M(t) = / pdx
Tr
is preserved, while the total energy
1
= / f(y — Vdpdz + —/ (10:AL1? + |0:AL|* + |0,0])d
D 2 Jr,
is bounded.

Proof. After subtracting Egs. (3.42) and integrating over a we obtain Eq. (3.85).
Since the kinetic entropy defect measure m is compactly supported in the momen-
tum variable p, after integrating Eq. (3.85) with respect to the momentum variable
p, we get %im(t) = 0. Multiplying Eq. (3.85) by (y — 1), and integrating with
respect to the variables (x,p), we obtain

o, ( / (y—1) fdxdp) / Forydudp

/ V- (v — 1)Ef)dwdp — / F oy fdadp /@ (v = 1)aym

Since F - Vy = —0,¢9,y and dyy = 0:(|A1|?/2)/7, using Maxwell equations we
have

1d , o 1/
577 L00ALE+ 08P = =5 [ AP

and the Ampere equation, we get J,0,¢ = % |0,6|2, so that we finally obtain

&lg

d 1
a (/ f(y = 1)dpdz + —/ (|0 AL + |0 ALI> + |8z¢|2)dx)
dt D 2 Tr
- / m? dpdz. (3.87)
o 7
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Integrating in time (3.87), and using the notation |[[polz2(py = P llz2(p) +
Hpg_H]ﬂ(D), we obtain

E(T) — £(0) < /Z (m~ + m™)dtdadadp

1 _
< 3llla) = [ @A) 2P (o) + x(p.ph)ddrdady

1
< §HPOHL2(D) + ([[02A L llLee () + 1020 = (22))

(I~ llz2 @) + Pt Lr(q)) < oo,

which ends the proof. |

Remark 3.4. The right-hand side of the relativistic Vlasov-Maxwell equa-
tion (3.85), or in other words the kinetic entropy defect measure m, can be inter-
preted as a Lagrange multiplier associated to the constraint that the distribution
function keeps the special shape of a waterbag decomposition (3.86).

Appendix A. Proof of Theorem 3.1

The global existence follows from a Banach fixed point theorem which is based on
the continuity and contraction properties of a map that we will define further. We
first make the change of unknowns p*(t,z,a) = ¢*(t,z,a) exp(At) with A > 0.
Therefore the unknowns ¢& satisfy the following equations

gt — €02qF 4+ Agt = —e M9, HE (qe), (A1)

where we have used the notation q = (¢7,¢") to emphasize the fact that p —
H*(p) with H*(p) = \/1 +p*= + |AL[p]]> — 1+ ¢[p] = v*(p) + ¢[p] — 1, define
maps which are continuous from L*(0,7T;1L?(D)) into L>(0,T; L?(D)) as we will
prove it below. Let us assume ¢* € L2(0,T; L?(D)) for all fixed T > 0. We now
consider the problem

Oprt — ed2rt 4+ Art = = —e7 MY, HE (qeM), (A.2)
rE(t = 0,2,a) = i (z, a). (A.3)
Before going further, let us define the functional space W(0,7) = {¢ €

L2(0,T;V); 040 € L2(0,7T;V')}, with V and its dual V' respectively defined in
the same way of the spaces (3.2) and (3.3), where the spaces L*(D), H'(Ty)
and H~!(Ty) are respectively replaced by their vector-valued counterparts L?(D),
H!'(T;) and H1(T.). In the following pf.i(t), i € N*, denote polynomials in time
of degree less than or equal to @ € R* and [r] stands for the smallest integer
greater than r.
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Let us now show that for all T > 0, f* € L?(0,T;V"). Obviously we have
175 (@e™)e™ | L2q) < llall2rezy + 1A Llae™]le ™ L2
+lllal 2. (A4)
Using d’Alembert integral representation formula, we obtain

1 L

- 277\ ? 1
I|A L [qe™]|e AtHL2(Q) < W”A(j_”V(TL) + (5 {T—D ﬂHAiH]L?(’JI‘L)

orl 1\"*1, _
(2 F ] 55) " Rl + e ). (A5)
Using (A.4) and (A.5), we obtain that
HHi(qut)efAtHLQ(Q) < C(T, L, A |Gl aery xrrys 1A 2 rsys 1AL 2 )
(g™ ez + Nl 2 (@) (A.6)

where G € W1°°(T?) is the Green function (or the fundamental solution) of the
one-dimensional Laplace operator with periodic boundary conditions. Hence, for all
T >0, for all A > 0, f* € L?(0,T;V"). Therefore using Theorem 4.1 of Chap. 3
and Theorem 3.1 of Chap. 1 in Ref. 52, we can show that the problem (A.2)-(A.3)
has a unique solution r* € W(0,7T) N €(0,T; L*(D)). Let Fy: L?(0,T;L*(D)) —
W(0,T)N%(0,T;L%(D)) be the map defined by r = F,(q). Thus we can show that
Fa is a contractive maps in L?(0,7;L%(D)) for A large enough. Let q; € L*(Q)
and r; = Fa(q;) € W(0,T7)N%(0,T;L*(D)) for i =1,2. We set q = q; — q2 and
r =r; — ro. Therefore for all w € L*(0,T;V), we have

(Ot — ed*r™ + Art w) = e MHT (que™) — HE (qee), ,w). (A7)

+

If we set w = r*, using the Young inequality zy < ex? + %y{ Eq. (A.7) becomes

1 t
SOl ey + A [ 1= Ol oydr

(AR B i
= 4_5/0 le™ AT (HF (que™) — HE (qoe? ))Hig(p)dq-. (A.8)

Let us estimate the right-hand side Eq. (A.8). Using d’Alembert integral represen-
tation formula we obtain

1A L[are™] — AL [aze™]|l r2(ry)
t
< PlL,1(t)/0 {I1A L[are™] = AL [aze™ |l 2o, oy fare Tl Lacr,)

+ (s lare™] = psaze A L[aze 21z, Y, (A.9)
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where p} 4 (t) = 3[2]L/2. Let us first estimate the term p,[q;e*7] in (A.9). Using

the change of variable w = pe™7 we obtain

loslase M 2y < 2(llg ez + g 2 (@) + L?). (A.10)

Let us now estimate the second term of the right-hand side of (A.9). Using definition
(2.14) and obvious estimates we obtain

(o [ar1e™7] = py[aze )AL [aze™ ][l L1, )
< 2|[|ALare™] — ALaze™ | racry) (lar | o,5z2(0)) + 1163 | 0,752

+ LY+ LYV (lgr — a3 ez + a3 llz2@)- (A.11)
Substituting (A.10) and (A.11) into (A.9) and using a Gronwall lemma we obtain
1A Lfa1e™] — AL faze™]le™ 120
TL\"? . ey
<(35) PLa@EPRONE g g + laf - o )
(A.12)

where A := ¢y |0, 7:02(D)) + |4 | (0,7;12(D))- Therefore using (A.8), (A.12)
and by noting that

I(H= (qre™) — HE (qze™))e M [l 12(0) < lallzzo, 72y

+ A Llare™] — Apfaze e |2 () + [|9laz] — Slalllzz o),

we obtain
_ CT(T7L7A’ HG||L2 T T ) _
7 z2@) + I lla) < B TP (g 20y + llat 1 2(@)s
where

Cr(T, L, \, |Gl L2 (1, xT2))

TL

1/2
ﬁ) Pl (T)e TP MOTETD - (A13)

= 1 [ Cllagrymy) + (

Therefore for all final time 7" > 0, there exists Ay € RT such that the map
Far :L2(0,T;L%(D)) — L*(0,T;L3(D)) is a contraction in L?(0,T;L*(D)) and
has a unique fixed point q € W(0,7) N € (0, T;1L*(D)) which satisfies the system
(A.1). Finally since p = qexp(At) € W(0,7) N €(0,T;L*(D)), Egs. (3.1) and
(2.10)-(2.12) has a unique global strong solution. Obviously the solution satisfies
the regularity properties (3.5).
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Appendix B. Proof of Theorem 3.2

Let us define the cutoff function ©(r) € ¢5°(R) such that ©(r) = 1 if r <R, and
O(r) = 0if r > R+ 1, with R := max{|[|pg || L= ). [IP6 |20y} + T (1026 = (o) +
|0, A | |l (q)), and where the tilde notation is explained below. We define HE(p) =
O(p*)H* (p). Using integral formulation of the waves Eq. (2.10) and Poisson equa-
tion (2.11), by a Gronwall lemma we can show that the maps p — H*(p) are
Lipschitz continuous from L*(0,7T;L%*(D)) into L>(0,T; L*(D)), i.e. there exists
a constant Cp := Cp(T,L, A, |G| r2(r, x1,)) where X = A(|[p] ||Le(0,7;L2(D))>
197 | oo 0.0:22(D))s 192 Iz 0.7:L2(D))s 15 Lo (0.7:22(D)))> and G € W (T7) is
the fundamental solution of the one-dimensional Laplace operator with periodic
boundary conditions, such that |[H®(p1) — HE(p2)llr~@ 1200y < Crllp1 —
P2l (o,ri2(py), for all p; € L®(0,T;L*(D)) with i = 1,2. Since H* are
Lipschitz in p, we can easily proof that HE are also Lipschitz in p. Follow-
ing the proof of Theorem 3.1, we can show that there exists a unique solution
pT € €(0,T; L*(D)) N W(0,T) to the problem

Ot + O7HE(B) = e0p*,  pE(t=0) =5y, (B.1)
RA,L —PA, =—A,p, A (t=0=A%, A, (t=0)=A, (B2

~ ~ ~ ~ ~ 1 ~
E,=-0,6, —0ip=p—1, OE,=—J,+ T | Jeltz)de. (B.3)
Tr

From d’Alembert integral representation formula we obtain

102 A LIy < |AY lLse(ry) + 1ALl (rr)

1/, [T\ - ~
+5 (T [Z-D B~ Nz o,r;z20)) + 1P I 0,7:2(0)))  (B-4)

and thus 873;& 1 € L*°(Q). Using equation

Ey(t,z) = g K(z,y)(p — 1)dy,

where K(z,y) = —0,G(z,y) and from the Sobolev embedding H?*(T.)
WLo°(Ty) we get 9,0 € L®(1).

Let us now show that the solution {p*,$, A} of the system (B.1)~(B.3) is in
fact the solution of the problem (3.1) and (2.10)-(2.12). To this aim, we need to
verify that the solution {p¥, (E, ;u_} satisfies the maximum principle (3.6), i.e.

1= )l =(p) < 195 |2=(D)

t o~ ~
+ / A7 {[003() |10y + [105A L (Dm ()} (B5)
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so that © = 1 and HE(p) = H*(p). Let us define

t
¢ =p* — Ipg |l =(p) —/0 dr{[|0z¢(T)lLoe (1) + 102 A L(T)||lLoe (T1) }-

We have to show that q+ = (¢F) = max{q ,0} = 0. Since |(z — zo)4| < |z,
for zy > 0, we have |¢T| < [p*, so that q+( ) € L?(D) for all time t. Moreover,
pE(t) € V for almost every time ¢ and d,¢* = 9,p*, hence ¢*(t) € V for almost
every time t. Consequently, since the function (-) is a Lipschitz continuous function
such that (1), = sign(-), ¢*(t) € V implies ¢ (t) € V by the chain rule formula.

Therefore, using (B.1) we obtain
0eq™ + 110:6(t) | Loe(r,) + 10:AL(E)|oe (r,) — £034™ = DHE (D).
Then for all ¢ € V' we have

(0 ) + (1026 L0 (r) + 10:AL(#)lloe (m,), ) + £(Dag™, D))

/da/mdx@ BYHE (D) mpinr/da/Tde@ )0,

1 StH 5+ A A
o\ [ DF0.p AL -0AL
+/ da | dzO@p* —— + = . B.6
o Jm ?=) 7+(p) 7+(p) >0
If we take ¢y = ¢F in (B.6), and observe (thanks to the chain rule formula
0., (Vou) = (¥ ou)dyu, for i =1,...,d, with U € Wl*oo(R) and u € H'(R?))

that Qi:atQi: = Qi:atq ; [02q i|2 = mqiam(LH Q+azQ+ 8zq ) Q+(t =0) =0,
O]l Lo r) < 1, then using the Young inequality zy < 22 + y we get

2
L2(D)} '

(B.7)

L 1/t F T (]2 4 DT 4
— < — d © H © —
2Hq+HL2(D) =3 ), T 10" ) HT(P)ax 120y + ||O@ )Vi(p)qu

Since there exists a numerical constant C' such that [|©'||p~®) < C, we deduce
from (B.7) that

1 ~
Hﬁ“%%o) < %{1 + IC”@/”zL‘”(R)(l +R* + ”ALH%}’O(Q)

. t
1)) / arllgt o). (B.8)

where C is a pure numerical constant. Using a Gronwall lemma we deduce from
(B.8) that qf =0, since qf (t =0) = 0. Similarly we can prove that

t
(—ﬁi(t) ~ Il = | dr {100 iesy + amAm)ML)}) ~0,

+
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and consequently (B.5) holds for almost every time ¢ € [0, T. Therefore H=(p) =
HE(P), and the solution {§=,, A} of the problem (B.1)-(B.3) is in fact the
solution of the problem (3.1) and (2.10)—(2.12) such that p* € €(0,T; L*(D)) N
W(0,T)NL>(Q), ¢ € L=(0,T; WH>(Ty)), A € L®(0,T; W->*(T,,)) and satisfy
the maximum principle (B.5). Using d’Alembert integral representation formula,
and similar estimates as (B.4) we obtain that ;A € L*() which proves that
A € Wh(Q). Since H* € L*>°(Q), and using equation

1
Ord(t, x) :/T dyayG(x,y)/O da(H(t,y,pt) —H(t,y,p7)),

=/ 9yG(x,y)Jx (t, y)dy,

we get Oy € L°°(Q2) which proves that ¢ € W1>°(Q). It remains to check the
uniqueness of the solution p*. Let pf € €0, T; L*D)) N W(0,T) N L*>®(Q), ¢; €
Whe(Q), AL ; € Whe(Q) with i = 1,2 two solutions of the problem (3.1) and
(2.10)—(2.12). If we truncate the Hamiltonian H defined in (2.13) outside the interval
Tnax = {p € R, |p| < max;cqy 0y Maxaeq— 4y pr‘HLoo(Q)}, we obtain a Lipschitz
function H in p and (pf, ¢i, Ay ;) with i = 1,2 are two solutions of the problem
(B.1)-(B.3). Since the problem (B.1)-(B.3) has a unique solution (see Theorem 3.1),
we have (pli7 01, A1 1) = (pét7 ¢2,A | 2) which ends the proof. O
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